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Abstract

We present new techniques for generation of unstructured mestfer geometries spec-
i ed by implicit functions. An initial mesh is iteratively impr oved by solving for a
force equilibrium in the element edges, and the boundary noslare projected using
the implicit geometry de nition. Our algorithm generalizes to any dimension and it
typically produces meshes of very high quality. We show a sim@d version of the
method in just one page of MATLAB code, and we describe how to impve and
extend our implementation.

Prior to generating the mesh we compute a mesh size function to sgg the
desired size of the elements. We have developed algorithms fatcamatic generation
of size functions, adapted to the curvature and the feature sizd the geometry. We
propose a new method for limiting the gradients in the size fution by solving a
non-linear partial di erential equation. We show that the soltion to our gradient
limiting equation is optimal for convex geometries, and we s¢uss e cient methods
to solve it numerically.

The iterative nature of the algorithm makes it particularly useful for moving
meshes, and we show how to combine it with the level set method fqgr@ications in
uid dynamics, shape optimization, and structural deformatias. It is also appropri-
ate for numerical adaptation, where the previous mesh is used tepresent the size
function and as the initial mesh for the re nements. Finally, veé show how to generate
meshes for regions in images by using implicit representations.
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Chapter 1

Introduction

Creating a mesh is the rst step in a wide range of applications, atuding scienti ¢
computing and computer graphics. An unstructured simplex meshageires a choice of
meshpoints (vertex nodes) and a triangulation. The mesh shouldie small elements
to resolve the ne details of the geometry, but larger sizes whe possible to reduce
the total number of nodes. Furthermore, in numerical applidions we need elements
of high quality (for example triangles that are almost equileeral) to get accurate
discretizations and well conditioned linear systems.

One of the most popular meshing algorithms is the Delaunay reement method
[53], [59], which starts from an initial triangulation and renes until the element
qualities are su ciently high. It works in a bottom-up fashion, by meshing points,
curves, surfaces, and nally the volume. The advancing front ntleod [48] also starts
from the boundaries, and creates mesh elements along a frontuimg into the domain.
Both these algorithms require geometry boundaries that are spi ed explicitly, by for
example a polygon in two dimensions, a triangulated surface masfthree dimensions,
or more general parameterized boundaries such as rationaZer curves and surfaces.

For geometries with boundaries described in an implicit form(x) = 0, we need
other techniques for creating well-shaped meshes. We do not baa direct repre-
sentation of the boundary, and the bottom-up approaches of Dmunay re nement
and advancing front are harder to implement. A more natural &y to mesh implicit

geometries is to let the mesh generator work directly with th&unction (x). We can
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determine if a pointx is inside or outside our domain from the sign of(x), and we
can project points to the closest boundary by using the gradiemt (x).

These ideas form the basis of our mesh generator. We improve aiti&h mesh by
solving for equilibrium in a truss structure using piecewise liree force-displacement
relations. During the node movements, we change the mesh cornnaty to improve
the element qualities, either by recomputing the Delaunay tangulation or by local
updates. At equilibrium, the mesh elements tend to be of very gh quality, and the
method generalizes to higher dimensions. Our algorithm is eagy understand and
to implement, and we describe how to write a complete MATLAB vesion in only a

few dozen lines of code.

The desired sizes of the mesh elements are described by a mesh sidifun h(x),
which we use to determine the equilibrium lengths of the edgedVe show how to
create size functions automatically from discretized implicgeometries. The feature
size is computed from the medial axis transform, which we deteas shocks in the
distance function. To avoid large variations in element sizesye limit the gradients
in h(x) by numerically solving a non-linear partial di erential equation, the gradient
limiting equation. This Hamilton-Jacobi equation simpli es the generation of rash
size functions signi cantly, since it decouples size constramat speci ¢ locations from

the mesh grading requirements.

We have identi ed many application areas for our mesh genemat, based on the
iterative formulation and the implicit geometries. We can fo example combine it
with the level set method to solve problems with evolving intéaces. These moving
meshes are particularly well suited for our iterative mesh geraion, since at each
time step we only have to do a few additional iterations to impmve the element
gualities. We use this to solve shape optimization problems and simulate physical
phenomena with moving boundaries. A related application is @sh re nement for
numerical adaptation, where again we have good initial meshat each adaptation
step.

Finally, we show how to mesh domains that are given in the form ah image. This

could be any image such as a photograph, a satellite image, orlage dimensional

16



image from a computed tomography (CT) scan. Since the imageabeady an implicit
description of the domain, we work directly with this form rater than extracting
the boundaries. We use image manipulation techniques to segrhand smooth the
image, and we compute the distance function using approximapgojections and the
fast marching method. From this we can create mesh size functoadapted to the

geometry, and generate high-quality meshes in both two and e dimensions.

1.1  Prior Work

Many di erent mesh generation algorithms have been develogeand some of the
most popular ones are described in the surveys by Bern and Plassmd#] and Owen
[46]. These methods usually work with explicit geometry repsentations, although
many techniques have been proposed for triangulation of imgik surfaces [7], [19],
[20], [65], [69]. Two more recent publications on mesh gengoa for level sets are
Gloth and Vilsmeier [27] and Molino et al [41].

Our iterative mesh generator is closely related to mesh smootkinfor example
Laplacian smoothing [23], Winslow smoothing [68], and qualitpptimization tech-
niques like those in the Mesquite toolkit [12]. These move the des to improve the
mesh, and possibly also update the mesh connectivities [25]. As &8 we know,
all these techniques operate on curves, surfaces, and volumediviidually, while our
method moves all the nodes simultaneously and use the impliciegmetry to project
the boundary nodes. The bubble mesh technique by Shimada and $Sard [61] also
uses the idea of forces between nodes to nd good node locasipwhich are then trian-
gulated. Our improvement technique is most similar to Laplac®elaunay smoothing
[23] and the pliant method by Heckbert and Bossen [11], which alswove nodes and
update element connectivities.

The techniques we describe for discretization and initializan of distance func-
tions are well known in the level set community, see for examptlee books by Sethian
[56] and Osher and Fedkiw [43]. Local mesh manipulations are dsgy most mesh

generators, including Delaunay re nement. The method of sulinding a regular el-
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ement to create the initial mesh is similar to the initial stage bthe quadtree and

the octree mesh generation algorithms [71]. We are not awareamy other methods

to align elements with implicit internal boundaries. Heckberand Bossen [11] and
Borouchaki et al [9], [10] studied anisotropic meshes, and geaton of surface meshes
is a well studied area as mentioned above.

Prior work on mesh size functions include the work by Peraire @l on the advanc-
ing front method and background grids [48], as well as seveddher later contributions
[47], [73], [72], [50]. None of these methods generate mesh sinetions for implicit
geometries. Skeletonization with distance functions was stigdl in [36], [62], [52], and
some of these claim to achieve subgrid accuracy. We are not awafe@ny other work
related to continuous gradient limiting. Bourochaki et al 10] used simple discrete
edge iterations to approximate the true continuous problem

Shape optimization has been studied by Murat and Simon [42] drPironneau
[49], among others. The idea of using the level set method for tir@erface motion
was used by Sethian and Wiegmann [57], Osher and Santosa, [44]ait¢ et al [1],
and Wang et al [67]. Our approach of combining the level set meid with nite
elements on unstructured meshes appears to be new.

There appears to be a growing interest in mesh generation forages, in particular
for medical imaging, and a few references are [13], [32], [$he thesis ends with a

look ahead at applications to medical images.

18



Chapter 2

A Simple Mesh Generator In
MATLAB

2.1 Introduction

Mesh generators tend to be complex codes that are nearly inassible. They are
often just used as \black boxes". The meshing software is di cult b integrate with
other codes { so the user gives up control. We believe that the ility to understand
and adapt a mesh generation code (as one might do with visualia, or a nite
element or nite volume code, or geometry modeling in compat graphics) is too
valuable an option to lose.

Our goal is to develop a mesh generator that can be described ifesv dozen lines
of MATLAB . We could o er faster implementations, and re nements of the lgorithm,
but our chief hope is that users will take this code as a startingoint for their own
work. It is understood that the software cannot be fully state-bthe-art, but it can
be simple and e ective and public.

An essential decision is how to represent the geometry (the shapetloé region).
Our code uses aigned distance functiond(x;y), negative inside the region. We show
in detail how to write the distance to the boundary for simple shaes, and how to
combine those functions for more complex objects. We also shownwhto compute

the distance to boundaries that are given implicitly by equaobns f (x;y) = 0, or by

19



values ofd(x;y) at a discrete set of meshpoints.

For the actual mesh generation, our iterative technique is Ised on the physical
analogy between a simplex mesh and a truss structure. Meshpointse anodes of
the truss. Assuming an appropriate force-displacement functiomrf the bars in the
truss at each iteration, we solve for equilibrium. The forces ove the nodes, and
(iteratively) the Delaunay triangulation algorithm adjusts the topology (it decides
the edges). Those are the two essential steps. The resulting mesh igpsgmgly well-
shaped, and Figure 2-4 shows examples. Other codes uaplacian smoothing[23]
for mesh enhancements, usually without retriangulations. Thisould be regarded as
a force-based method, and related mesh generators were ingsted by Bossen and
Heckbert [11]. We mention Triangle [58] as a robust and freelyailable Delaunay

re nement code.

The combination of distance function representation and nodamovements from
forces turns out to be good. The distance function quickly detmines if a node is
inside or outside the region (and if it has moved outside, it is eg to determine the
closest boundary point). Thusd(x;y) is used extensively in our implementation, to

nd the distance to that closest point.

Apart from being simple, it turns out that our algorithm generades meshes of
high quality. The edge lengths should be close to the relativezsih(x) speci ed by
the user (the lengths are nearly equal when the user choosgg) = 1). Compared
to typical Delaunay re nement algorithms, our force equililsium tends to give much

higher values of the mesh quality, at least for the cases we have studied.

We begin by describing the algorithm and the equilibrium equeons for the truss.
Next, we present the complete MTLAB code for the two-dimensional case, and
describe every line in detail. In Section 2.5, we create mestiesincreasingly complex
geometries. Finally, we describe tha-dimensional generalization and show examples
of 3-D and 4-D meshes.

20



2.2 The Algorithm

In the plane, our mesh generation algorithm is based on a simplesaohanical analogy
between a triangular mesh and a 2-D truss structure, or equivaly a structure of
springs. Any set of points in thex;y-plane can be triangulated by the Delaunay
algorithm [21]. In the physical model, the edges of the triangs (the connections
between pairs of points) correspond to bars, and the points cespond to joints of
the truss. Each bar has a force-displacement relationshfp("; ") depending on its
current length ~ and its unextended length',.

The external forces on the structure come at the boundaries. Avery boundary
node, there is a reaction force acting normal to the boundaryhe magnitude of this
force is just large enough to keep the node from moving outsidéhe positions of the
joints (these positions are our principal unknowns) are foundybsolving for a static
force equilibrium in the structure. The hope is that (wherh(x;y) = 1) the lengths of
all the bars at equilibrium will be nearly equal, giving a wédshaped triangular mesh.

To solve for the force equilibrium, collect thex- and y-coordinates of allN mesh-

points into an N -by-2 array p:
p= Xxvy (2.1)

The force vectorF (p) has horizontal and vertical components at each meshpoint:
h i h [

F (p) = I:int ;x(p) Fint;y(p) + Fext;x(p) Fext;y(p) (2'2)
whereF;, contains the internal forces from the bars, anéf.,; are the external forces
(reactions from the boundaries). The rst column ofF contains the x-components
of the forces, and the second column contains tlyecomponents.

Note that F (p) depends on the topology of the bars connecting the joints. lime
algorithm, this structure is given by the Delaunay trianguldion of the meshpoints.

The Delaunay algorithm determines non-overlapping triarigs that |l the convex

hull of the input points, such that every edge is shared by at mostmo triangles, and
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the circumcircle of every triangle contains no other input pints. In the plane, this
triangulation is known to maximize the minimum angle of all he triangles. The force
vector F (p) is not a continuous function ofp, since the topology (the presence or

absence of connecting bars) is changed by Delaunay as the pgintove.

The systemF (p) = 0 has to be solved for a set of equilibrium positiong.
This is a relatively hard problem, partly because of the discdinuity in the force
function (change of topology), and partly because of the exteal reaction forces at

the boundaries.

A simple approach to solveé= (p) = 0 is to introduce an arti cial time-dependence.

For somep(0) = po, we consider the system of ODEs (in non-physical units!)

—=F@m:; t O (2.3)

If a stationary solution is found, it satis es our systemF (p) = 0. The system (2.3)
is approximated using the forward Euler method. At the discreted (arti cial) time

tn = n t, the approximate solutionp, p(t,) is updated by

Pn+1 = Pn+  tF(Pn): (2.4)

When evaluating the force function, the positiong, are known and therefore also the
truss topology (triangulation of the current point-set). The external reaction forces
enter in the following way: All points that go outside the regio during the update
from p, to p,+1 are moved back to the closest boundary point. This conforms thé
requirement that forces act normal to the boundary. The poits can move along the

boundary, but not go outside.

There are many alternatives for the force functiori ("; o) in each bar, and several
choices have been investigated [11], [61]. The functikfry ) models ordinary linear

springs. Our implementation uses this linear response for thiepulsive forces but it
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allows no attractive forces:

8
R ) i<y
(0= (2.5)
-0 |f\ \0:

Slightly nonlinear force-functions might generate bettemeshes (for example with
k= (" + "¢)=2), but the piecewise linear force turns out to give good resulik is
included to give correct units; we sek = 1). It is reasonable to requiref = 0 for
" = 7. The proposed treatment of the boundaries means that no postare forced
to stay at the boundary, they are just prevented from crossing it.It is therefore
important that most of the bars give repulsive forcds> 0, to help the points spread
out across the whole geometry. This means thdt("; ") should be positive when is
near the desired length, which can be achieved by choosingslightly larger than the
length we actually desire (a good default in 2-D is 20%, whichelds Fscale =1.2).

For uniform meshes’ is constant. But there are many cases when it is ad-
vantageous to have di erent sizes in di erent regions. Wherehe geometry is more
complex, it needs to be resolved by small elementggometrical adaptivity). The so-
lution method may require small elements close to a singularity give good global
accuracy @daptive solve). A uniform mesh with these small elements would require

too many nodes.

In our implementation, the desired edge length distributions provided by the
user as anelement size functionh(x;y). Note that h(x;y) does not have to equal
the actual size; it gives therelative distribution over the domain. This avoids an
implicit connection with the number of nodes, which the user iaot asked to specify.
For example, ifh(x;y) = 1+ x in the unit square, the edge lengths close to the left
boundary (x = 0) will be about half the edge lengths close to the right bouraty
(x = 1). This is true regardless of the number of points and the aaotl element sizes.

To nd the scaling, we compute the ratio between the mesh areadm the actual edge
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lengths *; and the \desired size" (fromh(x;y) at the midpoints (x;;y;) of the bars):

P ~2 1=2

Scaling factor = IW ; (2.6)

We will assume here thath(x;y) is speci ed by the user. It could also be created
using adaptive logic to implement thelocal feature sizewhich is roughly the distance
between the boundaries of the region (see exampebelow). For highly curved
boundaries, h(x;y) could be expressed in terms of the curvature computed from
d(x;y). An adaptive solver that estimates the error in each trianglean chooséh(x;y)
to re ne the mesh for good solutions.

The initial node positionspy can be chosen in many ways. A random distribution
of the points usually works well. For meshes intended to have fiorm element sizes
(and for simple geometries), good results are achieved by stadifrom equally spaced
points. When a non-uniform size distributionh(x;y) is desired, the convergence is
faster if the initial distribution is weighted by probabiliti es proportional to Eh(x;y)?
(which is the density). Our rejection methodstarts with a uniform initial mesh inside

the domain, and discards points using this probability.

2.3 Implementation

The complete source code for the two-dimensional mesh genera®in Figure 2-1.

Each line is explained in detail below.
The rst line speci es the calling syntax for the function distmesh2d:

function [p,t]=distmesh2d(fd,fh,h0,bbox,pfix,varargi n)

This meshing function produces the following outputs:

The node positionsp. This N -by-2 array contains thex;y coordinates for each

of the N nodes.

The triangle indicest. The row associated with each triangle has 3 integer

entries to specify node numbers in that triangle.
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function [p,t]=distmesh2d(fd,fh,h0,bbox,pfix,varargi n)

dptol=.001; ttol=.1; Fscale=1.2; deltat=.2; geps=.001*h 0; deps=sqrt(eps)*h0;
% 1. Create initial distribution in bounding box (equilateral triangles)
[X,y]=meshgrid(bbox(1,1):h0:bbox(2,1),bbox(1,2):h0* sqrt(3)/2:bbox(2,2));
x(2:2:end,:)=x(2:2:end,:)+h0/2; % Shift even rows
p=[x(),y()I; % List of node coordinates

% 2. Remove points outside the region, apply the rejection nieod

p=p(feval(fd,p,varargin{:})<geps,:); % Keep only & 0 points
rO=1./feval(th,p,varargin{:})."2; % Probability to keep point
p=[pfix; p(rand(size(p,1),1)<r0./max(r0),:)]; % Rejection method
N=size(p,1); % Number of points N
pold=inf; % For rst iteration
while 1
% 3. Retriangulation by the Delaunay algorithm
if max(sgrt(sum((p-pold).~2,2))/h0)>ttol % Any large movement?
pold=p; % Save current positions
t=delaunayn(p); % List of triangles
pmid=(p(t(:,1),:)+p(t(:,2),:)+p(t(;,3),:))/3; % Compute centroids
t=t(feval(fd,pmid,varargin{:})<-geps,:); % Keep interior triangles
% 4. Describe each bar by a unique pair of nodes
bars=[t(:,[1,2]);t(:,[1,3]);t(:,[2,3])]; % Interior bars duplicated
bars=unique(sort(bars,2),'rows"); % Bars as node pairs

% 5. Graphical output of the current mesh
trimesh(t,p(:,1),p(:,2),zeros(N,1))
view(2),axis equal,axis off,drawnow

end

% 6. Move mesh points based on bar lengths L and forces F

barvec=p(bars(:,1),:)-p(bars(:,2),:); % List of bar vectors
L=sqrt(sum(barvec.”2,2)); % L = Bar lengths
hbars=feval(fh,(p(bars(:,1),:)+p(bars(:,2),:))/2,va rargin{:});
LO=hbars*Fscale*sqgrt(sum(L.2)/sum(hbars.”2)); % LO = Desired lengths
F=max(LO-L,0); % Bar forces (scalars)
Fvec=F./L*[1,1].*barvec; % Bar forces (x,y components)
Ftot=full(sparse(bars(:,[1,1,2,2]),0nes(size(F))*[1 ,2,1,2],[Fvec,-Fvec],N,2));
Ftot(1:size(pfix,1),:)=0; % Force = 0 at xed points
p=p+deltat*Ftot; % Update node positions

% 7. Bring outside points back to the boundary

d=feval(fd,p,varargin{:}); ix=d>0; % Find points outside (d>0)
dgradx=(feval(fd,[p(ix,1)+deps,p(ix,2)],varargin{:} )-d(ix))/deps; % Numerical
dgrady=(feval(fd,[p(ix,1),p(ix,2)+deps],varargin{:} )-d(ix))/deps; % gradient
p(ix,:)=p(ix,:)-[d(ix).*dgradx,d(ix).*dgrady]; % Project back to boundary
% 8. Termination criterion: All interior nodes move less than dptol (scaled)
if max(sqgrt(sum(deltat*Ftot(d<-geps,:).*2,2))/h0)<dp tol, break; end

end

Figure 2-1: The complete source code for the 2-D mesh generad@tmesh2d.m.
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The input arguments are as follows:

The geometry is given as a distance functiofd. This function returns the

signed distance from each node locatignto the closest boundary.

The (relative) desired edge length functiorh(x;y) is given as a functionfh,

which returns h for all input points.

The parameterhO is the distance between points in the initial distributionpg.
For uniform meshes [i(x; y) = constant), the element size in the nal mesh will

usually be a little larger than this input.
The bounding box for the region is an arrayoboX=[ Xmin ; Ymin ; Xmax; Ymax -
The xed node positions are given as an arrapfix with two columns.

Additional parameters to the functionsfd and fh can be given in the last

argumentsvarargin (type help varargin in MATLAB for more information).

In the beginning of the code, six parameters are set. The defawhlues seem
to work very generally, and they can for most purposes be left orodied. The
algorithm will stop when all movements in an iteration (relaive to the average bar
length) are smaller thandptol . Similarly, ttol controls how far the points can move
(relatively) before a retriangulation by Delaunay.

The \internal pressure" is controlled by Fscale. The time step in Euler's method
(2.4) is deltat , and geps is the tolerance in the geometry evaluations. The square
root deps of the machine tolerance is the x in the numerical di erentiation of the
distance function. This is optimal for one-sided rst-di ererces. These numbergeps
and deps are scaled with the element size, in case someone were to mesh amaio
a galaxy in meter units.

Now we describe steps 1 to 8 in thdistmesh2d algorithm, as illustrated in Fig-

ure 2-2.

1. The rst step creates a uniform distribution of nodes within thebounding box
of the geometry, corresponding to equilateral triangles:
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Figure 2-2: The generation of a non-uniform triangular mesh.
[x,y]=meshgrid(bbox(1,1):h0:bbox(2,1),bbox(1,2):h0* sqrt(3)/2:bbox(2,2));
X(2:2:end,:)=x(2:2:end,:)+h0/2; % Shift even rows
p=[x(),y()l; % List of node coordinates

The meshgrid function generates a rectangular grid, given as two vectoxsand
y of node coordinates. Initially the distances arg 3ho=2 in the y-direction. By
shifting every second rowhy=2 to the right, all points will be a distancehg from

their closest neighbors. The coordinates are stored in ti-by-2 array p.
2. The next step removes all nodes outside the desired geometry:
p=p(feval(fd,p,varargin{:})<geps,:); % Keep only & 0 points

feval calls the distance functionfd, with the node positionsp and the addi-
tional argumentsvarargin as inputs. The result is a column vector of distances
from the nodes to the geometry boundary. Only the interior piots with neg-
ative distances (allowing a tolerancgeps) are kept. Then we evaluatenh(x;y)
at each node and reject points with a probability proportiomal to 1=h(x;y)?:

ro=1./feval(fh,p,varargin{:})."2; % Probability to keep point
p=[pfix; p(rand(size(p,1),1)<r0./max(r0),:)]; % Rejection method
N=size(p,1); % Number of points N

The user's array of xed nodes is placed in the rst rows op.

3. Now the code enters the main loop, where the location of the points is
iteratively improved. Initialize the variable pold for the rst iteration, and
start the loop (the termination criterion comes later):
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pold=inf; % For rst iteration

while 1

end

Before evaluating the force function, a Delaunay triangutgon determines the
topology of the truss. Normally this is done fompy, and also every time the
points move, in order to maintain a correct topology. To saveamputing time,

an approximate heuristic calls for a retriangulation when te maximum displace-
ment since the last triangulation is larger tharttol (relative to the approximate

element size o):

if max(sqgrt(sum((p-pold).~2,2))/h0)>ttol % Any large movement?
pold=p; % Save current positions
t=delaunayn(p); % List of triangles
pmid=(p(t(:,1),:)+p(t(:,2),:)+p(t(;,3),:))/3; % Conpute centroids
t=t(feval(fd,pmid,varargin{:})<-geps,’); % Keep interior triangles
end

The node locations after retriangulation are stored ipold, and every iteration
compares the current locationg with pold. The MATLAB delaunayn function
generates a triangulationt of the convex hull of the point set, and triangles
outside the geometry have to be removed. We use a simple solutioerda { if
the centroid of a triangle hasd > 0, that triangle is removed. This technique
is not entirely robust, but it works ne in many cases, and it is vey simple to
implement.

. The list of trianglest is an array with 3 columns. Each row represents a triangle
by three integer indices (in no particular order). In creatg a list of edges, each

triangle contributes three node pairs. Since most pairs willppear twice (the
edges are in two triangles), duplicates have to be removed:

bars=[t(;,[1,2]);t(:,[1,3]);t(;,[2,3])]; % Interior bars duplicated

bars=unique(sort(bars,2),'rows"); % Bars as node pairs

. The next two lines give graphical output after each retrianglation. (They
can be moved out of thef -statement to get more frequent output.) See the
MATLAB help texts for details about these functions:
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trimesh(t,p(:,1),p(;,2),zeros(N, 1))

view(2),axis equal,axis off,drawnow

6. Each bar is a two-component vector irbarvec; its length is in L.

barvec=p(bars(:,1),:)-p(bars(:,2),:); % List of bar vectors
L=sgrt(sum(barvec.”2,2)); % L = Bar lengths

The desired lengthsLO come from evaluatingh(x;y) at the midpoint of each
bar. We multiply by the scaling factor in (2.6) and the xed fador Fscale, to
ensure that most bars give repulsive forcds> 0 in F.

hbars=feval(fh,(p(bars(:,1),:)+p(bars(:,2),:))/2,va rargin{:});
LO=hbars*Fscale*sqgrt(sum(L.*2)/sum(hbars."2)); % LO = Desired lengths
F=max(LO-L,0); % Bar forces (scalars)

The actual update of the node positiong is in the next block of code. The
force resultantFtot is the sum of force vectors irFvec, from all bars meeting

at a node. A stretching force has positive sign, and its directiois given by

the two-component vector inbars. The sparse command is used (even though
Ftot is immediately converted to a dense array!), because of the @aisummation

property for duplicated indices.

Fvec=F./L*[1,1].*barvec; % Bar forces (x,y comp.)
Ftot=full(sparse(bars(:,[1,1,2,2]),0nes(size(F))*[1 ,2,1,2],[Fvec,-Fvec],N,2));
Ftot(1:size(pfix,1),:)=0; % Force = 0 at xed points
p=p+deltat*Ftot; % Update node positions

Note that Ftot for the xed nodes is set to zero. Their coordinates are un-

changed inp.

7. If a point ends up outside the geometry after the update op, it is moved
back to the closest point on the boundary (using the distance fution). This
corresponds to a reaction force normal to the boundary. Pomstare allowed
to move tangentially along the boundary. The gradient ofd(x;y) gives the
(negative) direction to the closest boundary point, and it coras from numerical
di erentiation:
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d=feval(fd,p,varargin{:}); ix=d>0; % Find points outside (d>0)

dgradx=(feval(fd,[p(ix,1)+deps,p(ix,2)],varargin{:} )-d(ix))/deps; % Num.
dgrady=(feval(fd,[p(ix,1),p(ix,2)+deps],varargin{:} )-d(ix))/deps; % gradient
p(ix,:)=p(ix,:)-[d(ix).*dgradx,d(ix).*dgrady]; % Project back to boundary

8. Finally, the termination criterion is based on the maximum nde movement in
the current iteration (excluding the boundary points):

if max(sqgrt(sum(deltat*Ftot(d<-geps,:)."2,2))/h0)<dp tol, break; end

This criterion is sometimes too tight, and a high-quality meslis often achieved
long before termination. In these cases, the program can be imgpted manu-
ally, or other tests can be used. One simple but e cient test is to @mpute all
the element qualities (see below), and terminate if the smadiequality is large

enough.

2.4 Special Distance Functions

The function distmesh2d is everything that is needed to mesh a region speci ed by
the distanced(x;y) to the boundary. While it is easy to create distance functionfor
some simple geometries, it is convenient to de ne some short helm€tions (Figure 2-
3) for more complex geometries.

The output from dcircle is the (signed) distance fronp to the circle with center
xc,yc and radiusr. For the rectangle, we takedrectangle as the minimum distance
to the four boundary lines (each extended to in nity, and wih the desired negative
sign inside the rectangle). This isiot the correct distance to the four external regions
whose nearest points are corners of the rectangle. Our funcetiavoids square roots
from distances to corner points, and no meshpoints end up in thefsir regions when
the corner points are xed (by pfix ).

The functionsdunion, ddiff , and dintersect combine two geometries. They use
the simpli cation just mentioned for rectangles, a max or min tlat ignores \closest

corners”. We use separate projections to the regiods and B, at distancesda (X;y)
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and dg (X; y):

Union : dar e (X y) = min(da(x;y); ds (X Y)) (2.7)
Di erence : dans (X;y) = max(da(x;y); de(X;y)) (2.8)
Intersection day 8 (X;y) = max(da(X;y); ds (X;y)) (2.9)

Variants of these can be used to generatdending surfacedor smooth intersections
between two surfaces [70]. Finallyshift and protate operate on the node array

p, to translate or rotate the coordinates.

The distance function may also be provided in a discretized fornfor example by
values on a Cartesian grid. This is common ilevel set applicationg45], where partial
di erential equations e ciently model geometries with moving boundaries. Signed
distance functions are created from arbitrary implicit funéions using thereinitializa-
tion method [64]. We can easily mesh these discretized domains by creatol{; y)
from interpolation. The functionsdmatrix and hmatrix in Figure 2-3 usenterp2 to

created(x;y) and h(x;y), and huniform quickly implements the choiceh(x;y) = 1.

Finally, we describe how to generate a distance function (witigradientj = 1)
when the boundary is the zero level set of a giveih(x;y). The results are easily
generalized to any dimension. For each nog® = ( Xo; Yo), We need the closest point
P on that zero level set { which means thaf (P)=0and P  pg is parallel to the
gradient (f,;f,) at P:

2 3

L(P)=4 f(x;y)
(x  xo)fy (v Yo)fx

5=0: (2.10)

We solve (2.10) for the column vectoP = ( x;y) using the damped Newton's method
with pg = (Xo; Yo) as initial guess. The Jacobian oL is
2 37
@ 4 fX fy+(X XO)ny (y yO)fxx 5

J(P)= —= (2.11)
@ fy  fx (Y Yo +(X  Xo)fyy
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(displayed as a transpose for typographical reasons), and we #d&

Peer = P I H(PK)L (PK) (2.12)

until the residual L (px) is small. Thenpy is taken asP . The signed distance from

(Xo;Yo) to P =(x;y) on the zero level set of (x;y) is

d(po) = sign (f (Xo; Yo)) i (X X0)2+(y Yo)* (2.13)

The damping parameter can be set to 10 as default, but might have to be reduced

adaptively for convergence.

2.5 Examples

Figure 2-4 shows a number of examples, starting from a circle amktending to

relatively complicated meshes.

(1) Unit Circle.  We will work directly with d = P x2+y2 1, which can be
speci ed as an inline function. For a uniform meshh(x;y) returns a vector of 1's.
The circle has boundingbox 1 x 1, 1 y 1, with no xed points. A mesh
with element size approximatelyhy = 0:2 is generated with two lines of code:

>> fd=inline(‘'sgrt(sum(p.”2,2))-1','p");

>> [p,t]=distmesh2d(fd,@huniform,0.2,[-1,-1;1,1],[])

The plots (1a) , (1b) , and (1c) show the resulting meshes fohg = 0:4, hg = 0:2,
and hg = 0:1. Inline functions are de ned without creating a separate €. The rst
argument is the function itself, and the remaining argumentasame the parameters to
the function (help inline brings more information). Please note the comment near

the end of the paper about the relatively slow performance afline functions.
Another possibility is to discretized(x;y) on a Cartesian grid, and interpolate at
other points using thedmatrix function:

>> [xx,yy]=meshgrid(-1.1:0.1:1.1,-1.1:0.1:1.1); % Generate grid
>> dd=sqrt(xx. 2+yy."2)-1; % d(x,y) at grid points
>> [p,t]=distmesh2d(@dmatrix,@huniform,0.2,[-1,-1;1, 1],[1,xx,yy,dd);
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function d=dcircle(p,xc,yc,r) % Circle
d=sqrt((p(:,1)-xc)."2+(p(:,2)-yc)."2)-r;

function d=drectangle(p,x1,x2,y1,y2) % Rectangle
d=-min(min(min(-y1+p(:,2),y2-p(;,2)), ...
Xx1+p(:,1)).x2-p(:,1));

function d=dunion(d1,d2) % Union
d=min(d1,d2);
function d=ddiff(d1,d2) % Di erence

d=max(d1,-d2);

function d=dintersect(d1,d2) % Intersection
d=max(d1,d2);

function p=pshift(p,x0,y0) % Shift points
p(:,1)=p(:,1)-x0;
p(:,2)=p(:,2)-y0;

function p=protate(p,phi) % Rotate points around origin
A=[cos(phi),-sin(phi);sin(phi),cos(phi)];

P=p*A;

function d=dmatrix(p,xx,yy,dd,varargin) % Interpolate d(x,y) in meshgrid matrix

d=interp2(xx,yy,dd,p(:,1),p(:,2), *linear");

function h=hmatrix(p,xx,yy,dd,hh,varargin) % Interpolate h(x,y) in meshgrid matrix
h=interp2(xx,yy,hh,p(:,1),p(:,2),*linear";

function h=huniform(p,varargin) % Uniform h(x,y) distribution
h=ones(size(p,1),1);

Figure 2-3: Short help functions for generation of distanceurfictions and size func-
tions.

(2) Unit Circle with Hole. Removinlg a circle of radius 0.4 from the unit circle
gives the distance functiord(x;y) = j0:7 X2+ y?3  03:

>> fd=inline('-0.3+abs(0.7-sqrt(sum(p.”2,2)))";
>> [p,t]=distmesh2d(fd,@huniform,0.1,[-1,-1;1,1],[])

Equivalently, d(x;y) is the distance to the di erence of two circles:
>> fd=inline('ddiff(dcircle(p,0,0,1),dcircle(p,0,0,0 A),'pY;

(3) Square with Hole. = We can replace the outer circle with a square, keeping
the circular hole. Since our distance functionlrectangle is incorrect at the corners,
we X those four nodes (or write a distance function involving sgare roots):
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Figure 2-4: Example meshes, numbered as in the text. Examplegbf, (5), (6), and
(8) have varying size functionsh(x;y). Examples (6) and (7) use Newton's method
(2.12) to construct the distance function.
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>> fd=inline('ddiff(drectangle(p,-1,1,-1,1),dcircle( p,0,0,0.4))",'pY;
>> pfix=[-1,-1;-1,1;1,-1;1,1];
>> [p,t]=distmesh2d(fd,@huniform,0.15,[-1,-1;1,1],pf iX);

A non-uniform h(x;y) gives a ner resolution close to the circle (mesk3b) ):

>> fh=inline('min(4*sqgrt(sum(p.”2,2))-1,2)",'p");
>> [p,t]=distmesh2d(fd,fh,0.05,[-1,-1;1,1],pfix);

(4) Polygons. It is easy to createdpoly (not shown here) for the distance to a
given polygon, using M\TLAB 's inpolygon to determine the sign. We mesh a regular
hexagon and X its six corners:

>> phi=(0:6)"/6*2*pi;
>> pfix=[cos(phi),sin(phi)];
>> [p,t]=distmesh2d(@dpoly, @huniform,0.1,[-1,-1;1,1] ,pfix, pfix);

Note that pfix is passed twice, rstto specify the xed points, and next as a paras:
ter to dpoly to specify the polygon. In plot(4) , we also removed a smaller rotated
hexagon by usingddiff .

(5) Geometric Adaptivity. Here we show how the distance function can be
used in the de nition of h(x;y), to use the local feature size for geometric adaptivity.
The half-planey > 0 hasd(x;y) = vy, and our d(x;y) is created by an intersection

and a di erence:

d;, = P x2+y2 1 (2.14)
d, = P (x+0:4)2+y2 055 (2.15)
d=max(d;; dy; Vy): (2.16)

Next, we create two element size functions to represent the neesolutions near the
circles. The element sizel; and h, increase with the distances from the boundaries

(the factor 0:2 gives a ratio 12 between neighboring elements):

hi(x;y) =0:15 0:2 di(Xx;y); (2.17)
ho(x;y) =0:06 +0:2 dy(X;Yy): (2.18)
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These are made proportional to the two radii to get equal angal resolutions. Note
the minus sign ford; since it is negative inside the region. The local feature size is

the distance between boundaries, and we resolve this with at &ahree elements:
ha(x;y) = (d2(xy)  du(X;y))=3: (2.19)
Finally, the three size functions are combined to yield the nsf in plot (5) :
h = min( hy; hy; hg): (2.20)

The initial distribution had size hy = 0:05=3 and four xed corner points.

(6), (7) Implicit Expressions. We now show how distance to level sets can
be used to mesh non-standard geometries. (6) , we mesh the region between the
level sets @ and 1.0 of the superellipse (x;y) = (x* + y4)%. The example in(7) is

the intersection of the following two regions:

y cosk) and y 5 5 (2.21)

5
with 5=2 x 5=2and 5 'y 1. The boundaries of these geometries
are not approximated by simpler curves, they are represented artly by the given
expressions. As the element si®, gets smaller, the mesh automatically ts to the
exact boundary, without any need to re ne the representation

(8) More complex geometry. This example shows a somewhat more compli-
cated construction, involving set operations on circles ancectangles, and element

sizes increasing away from two vertices and the circular hole.

2.6 Mesh Generation in Higher Dimensions

Many scienti c and engineering simulations require 3-D modilg. The boundaries
become surfaces (possibly curved), and the interior becomesauwne instead of an

area. A simplex mesh uses tetrahedra.
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Our mesh generator extends to any dimension. The code distmeshnd.m is
given in www-math.mit.edu/ persson/meshThe truss lies in the higher-dimensional
space, and each simplex ha§;1 edges (compared to three for triangles). The initial
distribution uses a regular grid. The inputp to Delaunay is N-by-n. The ratio
Fscale between the unstretched and the average actual bar lengthsas important
parameter, and we employ an empirical dependence an The post-processing of a
tetrahedral mesh is somewhat di erent, but the MATLAB visualization routines make
this relatively easy as well. For more than three dimensions, ¢hvisualization is not
used at all.

In 2-D we usually x all the corner points, when the distance funiions are not
accurate close to corners. In 3-D, we would have to x points ahg intersections
of surfaces. A choice of edge length along those curves might beuwt for non-
uniform meshes. An alternative is to generate \correct” distare functions, without
the simpli ed assumptions in drectangle , dunion, ddiff , and dintersect . This
handles all convex intersections, and the technique is used inet cylinder example
below.

The extended code gives 3-D meshes with very satisfactory edgedths. There is,
however, a new problem in 3-D. The Delaunay algorithm gendes slivers, which are
tetrahedra with reasonable edge lengths but almost zero volemThese slivers could
cause trouble in nite element computations, since interpolabn of the derivatives
becomes inaccurate when the Jacobian is close to singular.

All Delaunay mesh generators su er from this problem in 3-D. Theggood news
is that techniques have been developed to remove the bad eénts, for example
face swapping, edge ipping, and Laplacian smoothing [25]. Argmising method for
sliver removal is presented in [15]. Recent results [39] show tisdivers are not a big
problem in the Finite Volume Method, which uses the dual meshlie Voronoi graph).
It is not clear how much damage comes from isolated bad elemem nite element
computations [60]. The slivery meshes shown here give nearlyetiame accuracy for

the Poisson equation as meshes with higher minimum quality.

Allowing slivers, we generate the tetrahedral meshes in Figure52
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Figure 2-5: Tetrahedral meshes of a ball and a cylinder with a Bprical hole. The
left plots show the surface meshes, and the right plots show crosstisers.

(9) Unit Ball.  The ball in 3-D uses nearly the same code as the circle:

>> fd=inline(‘'sgrt(sum(p.”2,2))-1','p");
>> [p,t]=distmeshnd(fd, @huniform,0.15,[-1,-1,-1;1,1, 11.0);

This distance functionfd automatically sums over three dimensions, and the bound-
ing box has two more components. The resulting mesh has 1,295 esdnd 6,349

tetrahedra.

(10) Cylinder with Spherical Hole. For a cylinder with radius 1 and height

2, we created;; dy; d; for the curved surface and the top and bottom:

di(x;y;2) = P x2+yz 1 (2.22)
d(x;y;2)=z 1 (2.23)
ds(x;y;2)= z L (2.24)
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An approximate distance function is then formed by intersectio

d = max(d;;dy; ds): (2.25)

This would be su cient if the \corner points" along the curves x2+ y?=1;z= 1
were xed by an initial node placement. Better results can bechieved by correcting

our distance function using distances to the two curves:

ds(X;y;2) = P di(X;y;2)2 + da(X;y; 2)2 (2.26)

ds(Xx;y;z) = P di(x;y;2)2 + da(X;y; 2)% (2.27)

These functions should be used where the intersectionsdyf d, and d;; d; overlap,

that is, when they both are positive:

8

§d4, if d,> 0andd,> 0

d:§d5; if d, > 0 andds > 0 (2.28)
> d

. otherwise.

Figure 2-5 shows a mesh for the di erence between this cylindand a ball of radius
0:5. We use a ner resolution close to this ballh(x;y; z) = min(4 P X2+ y2+ 72

1;2), and hg = 0:1. The resulting mesh has 1,057 nodes and 4,539 tetrahedra.
(11) 4-D Hypersphere.  To illustrate higher dimensional mesh generation, we

create a simplex mesh of the unit ball in 4-D. The nodes now hawveulr coordinates

and each simplex element has ve nodes. We also x the center pbip = (0;0; 0; 0).

>> fd=inline('sgrt(sum(p.”2,2))-1','p");
>> [p,t]l=distmeshnd(fd,@huniform,0.2,[-ones(1,4);one s(1,4)],zeros(1,4));
With hg = 0:2 we obtain a mesh with 3458 nodes and GA07 elements.
It is hard to visualize a mesh in four dimensions! We can computedftotal mesh

volume V, = 4:74, which is close to the expected value of=2  4:93. By extracting

all tetrahedra on the surface, we can compare the hyper-suréaareaS, = 19:2 to the
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surface area 22 197 of a 4-D ball. The deviations are because of the simplicial
approximation of the curved surface.

The correctness of the mesh can also be tested by solving Poisson'saéign
r 2u=1inthe four-dimensional domain. With u = 0 on the boundary, the solution
isu=(1 r?)=8, and the largest error with linear nite elements iskek, =5:8 10 *.
This result is remarkably good, considering that many of the eiments probably have
very low quality (some elements were bad in 3-D before postpessing, and the

situation is likely to be much worse in 4-D).

2.7 Mesh Quality

The plots of our 2-D meshes show that the algorithm produces émgles that are
almost equilateral. This is a desirable property when solving BFEs with the nite
element method. Upper bounds on the errors depend only on the alfest angle in
the mesh, and if all angles are close to 60good numerical results are achieved. The
survey paper [24] discusses many measures of the \element quali@ne commonly
used quality measure is the ratio between the radius of the lagt inscribed circle

(times two) and the smallest circumscribed circle:

Fin _ (b+c a)c+a b(a+tb ¢

=2
d Il out abc

(2.29)

wherea; b; care the side lengths. An equilateral triangle hagq =1, and a degenerate
triangle (zero area) hasg = 0. As a rule of thumb, if all triangles haveq > 0:5 the
results are good.

For a single measure of uniformity, we use the standard deviatiasf the ratio of
actual sizes (circumradii of triangles) to desired sizes gively I(x;y). That number
is normalized by the mean value of the ratio sinck only gives relative sizes.

The meshes produced by our algorithm tend to have exceptiohalgood element
quality and uniformity. All 2-D examples except(8) with a sharp corner have every

g > 0:7, and average quality greater than @6. This is signi cantly better than
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Delaunay Refinement with Laplacian Smoothing
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Figure 2-6: Histogram comparison with the Delaunay re nement lgorithm. The
element qualities are higher with our force equilibrium, ash the element sizes are

more uniform.

a typical Delaunay re nement mesh with Laplacian smoothing. Te average size
deviations are less than 4%, compared to 1020% for Delaunay re nement.

A comparison with the Delaunay re nement algorithm is shown inFigure 2-6.
The top mesh is generated with the mesh generator in the PDE Tdmx, and the
bottom with our generator. Our force equilibrium improves bbth the quality and the
uniformity. This remains true in 3-D, where quality improveanent methods such as

those in [25] must be applied to both mesh generators.
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Chapter 3

An Advanced Mesh Generator

The mesh generator described in the previous chapter is remabky short and simple,
and although we had to make a few compromises to achieve thigtbode still handles
a large class of meshing applications. In this chapter we show hésvimprove our
mesh generator, by increasing the performance and the robustseof the algorithm,
and generalizing it for generation of other types of meshes. Bilne main underlying
ideas are the same { force equilibrium in a truss structure and ladary projections
using implicit geometries. In our implementation we have usedé C++ programming
language for many of these improvements, since the operatione &ard to vectorize

and a for-loop based MATLAB code would be too slow.

3.1 Discretized Geometry Representations

Our mesh generator needs two functions to mesh a domain, the sgndistance func-
tion d(x) and the mesh size functiorh(x). In Chapter 2, we used closed-form ex-
pressions for these functions and showed how to write relativetpmplex geometries
as combinations of simple functions. But as the complexity ofhe model grows,
this representation becomes ine cient and a discretized fornof d(x) and h(x) is
preferable.

The idea behind the discretization is simple. We store the funicin values at a

nite set of points x; (node points) and use interpolation to approximate the functn
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Figure 3-1: Background grids for discretization of the distace function and the mesh
size function.

for arbitrary x. These node points and their connectivities are part of theackground

meshand below we discuss di erent options.

3.1.1 Background Meshes

The most simple background mesh is a Cartesian grid (Figure 3-Eff). The node
points are located on a uniform grid, and the grid elements arrectangles in two
dimensions and blocks in three dimensions. Interpolation isdafor Cartesian grids.
For each point x we nd the enclosing rectangle and the local coordinates by a
few scalar operations, and use bilinear interpolation withinhte rectangle. We also
nd r u(x) in a similar way, and avoid the numerical di erentiation we wsed in our
MATLAB code. Higher order schemes can be used for increased accyra

This scheme is very simple to implement (we mentioned the helprfctions dmatrix
and hmatrix in Chapter 2), and the Cartesian grid is particularly good forimple-
menting level set schemes and fast marching methods (see belowl &hapter 5).
However, if any part of the geometry needs small cells to be acately resolved, the
entire grid has to be re ned. This combined with the fact thatthe number of node
points grows quadratically with the resolution (cubically n three dimensions) makes
the Cartesian background grid memory consuming for complex @eetries.

An alternative is to use an adapted background grid, such as antoe structure

(Figure 3-1, center). The cells are still squares like in the C&sian grid, but their sizes
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vary across the region. Since high resolution is only neededs# to the boundary (for
the distance function), this gives an asymptotic memory reqeement proportional
to the length of the boundary curve (or the area of the boundarsurface in three
dimensions). The grid can also be adapted to the mesh size functitmaccurately

resolve parts of the domain wheré(x) has large variations.

The adapted grid is conveniently stored in an octree data strtre, and the cell
enclosing an arbitrary pointx is found in a time proportional to the logarithm of the
number of cells. For the projections in our mesh generator, mosbdes remain in the
same cell as in the previous iterations, and the time to nd theal can be reduced
by taking advantage of this. Within the cell we again use bilingr or higher order
interpolation.

A third possibility is to discretize using an arbitrary unstructured mesh (Figure 3-
1, right). This provides the freedom of using varying resolutin over the domain,
and the asymptotic storage requirements are similar to the oae grid. An addi-
tional advantage with unstructured meshes is that it can be ajned with the domain
boundaries, making the projections highly accurate. This cabe used to remesh an
existing triangulation in order to re ne, coarsen, or improvethe element qualities
(mesh smoothing). The unstructured background grid is also apppriate for moving
meshes and numerical adaptation, where the mesh from the prewus time step (or

iteration) is used.

Finding the triangle (or tetrahedron) enclosing an arbitray point x can still be
done in logarithmic time, but the algorithm is slower and moreeomplicated. We can
again take advantage of the fact that the nodes move slowly arate likely to remain
in the same cell as in the previous iteration. The interpolatin can be piecewise linear
or higher order within each element.

If we assume that all boundary nodes that are projected are laea within a
small distance of the actual boundary, we do not need a mesh of thatire domain
but only a narrow band of elements around the boundary. In oUMATLAB code
we also had to determine the sign ad(x) in the entire domain, but this step can be

avoided since the boundary points can be found from the contietties. However,
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the total memory requirement is still proportional to the lergth/area of the boundary

curve/surface, as for the full octree or unstructured grid.

3.1.2 Initialization of the Distance Function

Before interpolating the distance function and the mesh size riation on the back-
ground mesh, their values at the nodes of this grid must be calated. For closed-form
expressions this is easy, and since we only evaluate them oncedach node point,
the performance is good even for complex expressions.

For higher e ciency we can computed(x) for the nodes in a narrow band around
the domain boundary, and use thdé-ast Marching Method(Sethian [55], see also Tsit-
siklis [66]) to calculate the distances at all the remaining rae points. The computed
values are considered \known values", and the nodes neighbugithese can be up-
dated and inserted into a priority queue. The node with smallesinknown value is
removed and its neighbors are updated and inserted into the gue. This is repeated
until all node values are known, and the total computation rquiresn logn operations
for n nodes.

If the geometry is given in a triangulated form, we have to copute signed dis-
tances to the triangles. For each triangle, we nd the narrow &nd of background
grid nodes around the triangle and compute the distances eiptly. The sign can
be computed using the normal vector, assuming the geometry is limesolved. The
remaining nodes are again obtained with the fast marching metd. We also mention
the closest point transformby Mauch [38], which gives exact distance functions in
the entire domain in linear time.

A general implicit function can bereinitialized to a distance function in several
ways. Sussman et al [64] proposed integrating the reinitializah equation  +
sign( )(jr j 1) = 0 for a short period of time. Another option is to explicitly
update the nodes close the boundary, and use the fast marchingtha for the rest
of the domain. If the implicit function is su ciently smooth, w e can also use the

approximate projections described below to avoid reinitigation.
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3.2 Approximate Projections

For a signed distance functior, the projectionx  x d(x)r d(x) is exact. For more
general implicit functions (x) this is no longer true, and we have discussed various
ways to modify into a distance function. The most general approach of Sectiéh4
computes distances to an arbitrary implicit boundary by solhng a system of nonlinear
equations. In the previous section we mentioned the reinitiabtion equation and the
fast marching method, which can be used for discretized distanftenctions. Here, we
show how to modify the projections in the mesh generator to hatelgeneral implicit

geometry descriptions.

3.2.1 Problem Statement

The (exact) projection can be de ned in the following way: Gien a pointp and a

function (p), we want to nd a correction p such that

(p+ p)=0; (3.1)
pkr (p+ p): (3.2)

Note that the correction should be parallel to the gradient at he boundary point
p+ p, not at the initial point location p. We can write (3.2) in terms of an

additional parametert, to obtain the system

(p+ p)=0 (3.3)
p+tr (p+ p)=0: (3.4)

These equations can also be derived by considering the consteinoptimization
problem
8
S min , j pj?

(p+ p)=0

(3.5)
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and rewrite it using the Lagrange multipliert. We will use this viewpoint when

computing distances to Bezier surfaces in Section 3.6.2.

For a general exact projection, we solve (3.3) using Newton itgrons. This ap-
proach was described in Section 2.4, where eliminatinggives a system in p only.
These iterations might be expensive, and we now discuss how to appmate the

projections by assuming a smooth implicit function .

3.2.2 First Order Approximation

A rst order approximation can be derived by replacing with its truncated Taylor

expansion atp:

(p+ p) +r p (3.6)

( andr inthe right hand side are implicitly assumed to be evaluated gb). (3.4)

then becomes

p+tr =0: (3.7)
Insert into (3.6) and set to zero:
tr r =0) t= TaNES (3.8)
and
p= r. (3.9

roj?
This is a very simple modi cation to get rst order accuracy. Caonpared to the true
distance function we simply divide by the squared length of thergdient. Below we

show how to incorporate this into the MATLAB code of the previos chapter by only

one additional line of code.
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3.2.3 Second Order Approximation

We can derive a higher order approximate projection by inctling more terms in
the truncated Taylor expansion of . For simplicity we show this derivation in two
dimensions. For a point §;y) and a small displacement ( X; y) we set

X2

X+ xy+ y) Xyt Yyt

y2
xt XYy Xy + T yy (3.10)

As before, and its derivatives are evaluated at the original point X;y). (3.4)

becomes

X+t x+ X+ Y x)=0 (3.11)
y+t(y+ X gyt Y y)=0: (3.12)
Solve for x; y:
( y Xy X yy)tz Xt
X = 3.13
Co . 3Pt el 519
( X Xy y xx)t2 yt
= . 3.14
S o BTt el (349

Insert into (3.10), set to zero, multiply by denominator, and snplify to obtain a

fourth degree polynomial int:

pat* + pst® + pot® + pit + pp =0 (3.15)
with
PL=2 (xx* yy) 2 5
P2= &t §y+4 yy xx 2;2/xx 25w 2 iy
1 1
é;zzyy éixx+3xxyy
Ps = )2(§y 2 inX 3yyxx+2xxx xy y 2 >2<yyy §>2<x+



—— 1st order
—— 2nd order

Figure 3-2: Comparison of rst and second order projection sches.

2 2 2
2 3 xx xox o wt2 oy oy w2 oy
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Ps = X xy y+ yy w T Xy 2 Xy Yy XX-'-éyXX Xy

yy xy X Xy y yy XX

Solve (3.16) for the real root with smallest magnitude and insert in (3.13),(3.14) to

obtain x; .

3.2.4 Examples

A comparison of the rst and the second order projections is showin Figure 3-2.
The point (x;y) = (0:23;sin(2 0:23) + 0:05) is projected onto the zero level set of
(x;y) =y sin(2x). The projections are repeated until the projected points r&

closeto =0.

We can see how the rst order method initially moves in the graéint direction
at x;y instead of at the boundary, and ends up far away from the closesbbndary
point. The second order method moves in a direction very close the exact one.

However, our experience is that the rst order projections areu ciently accurate
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for our mesh generator, especially when highly curved boundss are well resolved
and s relatively smooth. Note that we do not really require the prections to be

exact, we simply want to move the point to any nearby boundary @int.
The rst order method is trivial to incorporate into our MATLAB code. The
projection using the distance function:

p(ix,:)=p(ix,:)-[d(ix).*dgradx,d(ix).*dgrady];

is replaced by (3.9):

dgrad2=dgradx.”2+dgrady."2;

p(ix,:)=p(ix,:)-[d(ix).*dgradx./dgrad2,d(ix).*dgrad y./dgrad2];
This is a signi cant improvement of the code, since we can \ch€awhen we generate
the distance function. For example, an ellipse with semimajosémiminor axesa; bis
given implicitly by:

X2 y2

(x;y) = o + 5 1=0: (3.17)

But computing the real distancesd(x;y) to the boundary (x;y) = 0 is rather hard.
With our rst order modi cation we can use to mesh the domain (witha =2 and
b=1):

fd=inline('p.~2*[a;b].*(-2)-1','p','a",'b");

[p,tf]=distmesh2d(fd, @huniform,0.2,[-2,-1;2,1],[],2, 1);
The result is a high quality mesh of the ellipse (Figure 3-3), whe the largest deviation
from the true boundary is only 18 10 “. If higher accuracy is desired, the code can

easily be modi ed to apply the projections several times.

3.3 Mesh Manipulation

In our MATLAB code the connectivities of the mesh are always coputed using
the Delaunay triangulation. Every time we update the conndivities a complete
triangulation is computed, even if only a few edges were moelil. Furthermore, we
do not have any control over the generated elements, if we faxaanple want to force

edges to be aligned with the boundaries (the constrained Delaay triangulation [16]).
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Figure 3-3: An ellipse represented implicitly and meshed usingst order approximate
projections.

To achieve higher performance and robustness, the triangulati can be controlled
explicitly by local manipulation of the connectivities. In this section we describe how
this improves the element updates during the iterations, andhow we can control
the node density and the generation of the initial mesh. In theext section we use
these results to create other types of meshes, including anisgtiomeshes and surface

meshes.

3.3.1 Local Connectivity Updates

During the iterations, we update the connectivities to mairdin a good triangulation
of the nodes. But most of the triangles are usually of high quajit and the retrian-
gulations then modify only a few of the mesh elements (in padular if a good initial
mesh is used, or when the algorithm is close to convergence). Vém cave computa-
tions by starting from the previous connectivities and only pdate the bad triangles,
and one way to do this is by local connectivity updates.

In the ipping algorithm for computing the Delaunay triangulation [4] we loop
over all the edges of the mesh and consider \ ipping" the edge tveeen neighboring
triangles (Figure 3-4, top). This decision can be made based the standard Delaunay
in-circle condition, or some other quality norm. These iterabns will terminate and
they produce the Delaunay triangulation of the nodes [4]. Tobtain high performance,

we need a data structure that provides pointers to the neighloe of each triangle, and
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Figure 3-4: Local mesh operations. The edge ip alters the coadativity but not the
nodes, the split inserts one new node, and the collapse removes onde.

these have to be modi ed whenever we change the mesh.

The local updates improve the performance signi cantly, sirewe do not have
to recompute the entire Delaunay triangulation. We nd the tiangles that can be
improved by an edge ip, and leave the rest of the mesh intact. lrour current
implementation we search through all the elements, but the efeent qualities could
be stored in a priority queue giving very fast access to the badeshents.

Another advantage with the local updates is that we can keep #&topology of
the initial mesh. For example, by excluding edges along the bidary from the edge
ips, we will never produce elements that cross the boundarigsinless they do so in
the initial mesh). The projections are also much faster, since vedways know which
nodes are part of the boundary, and we do not have to computedhdistance function
at the interior nodes.

In three dimensions, the connectivities can be improved by silar local updates.
In [25], so called \face swapping" and \edge ipping" was intrauced, although it is

not known if these always produce a good mesh. We have not yet ilamented this,
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we use the full Delaunay triangulation for all our tetrahedrbmeshes. However, we
believe that the local updates in three dimensions have a gopdtential for generating
high-quality meshes, even avoiding the bad sliver elements. Irh&pter 2, we post-
processed our tetrahedral meshes with these local updates anglagian smoothing
to remove most of the slivers, but integrating the updates with ar mesh generator

might directly produce high-quality meshes.

3.3.2 Density Control

In our original algorithm, we relied on the initial mesh to gie a good density of
nodes according to the size functioh(x), and during the iterations we never added
or removed any nodes. However, in some cases it is desirable to munthe node
density. During the generation of the initial mesh we can for emple start with a
trivial uniform mesh given by a Cartesian background grid. Andier case is when we
apply the mesh generator to moving meshes and adaptive solversdhapter 5, where
we want to keep a previous mesh as initial mesh, but the geometdyx ) and the size
function h(x) have changed.

When we retriangulate the nodes using Delaunay (as in our MATAB code),
density control simply means that we add new nodes and deleteigting nodes as
we wish. The desired size functiom(x) at the edges is compared with the actual
edge lengths, and if they di er more than a tolerance, nodes gabe inserted or
removed. The retriangulation will use the new set of nodes anthé mesh generator
will rearrange them to improve the qualities.

When the mesh is manipulated locally, we have to be a little mercareful when
inserting and removing nodes. The mesh has to remain a valid regentation of
the domain after the modi cations, and the data structures repesenting the element
neighbors need to be updated. One simple way to do the node irtg@r is to split an
edge (Figure 3-4, center). This divides the edge in half andrnects the new node to
the two opposite corners. The resulting four triangles are likgto have lower quality,
but the mesh generator will improve the node locations and mdy the connectivity.

Deleting a node can be done in a similar way, for example by merg two neigh-
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boring nodes into one (Figure 3-4, bottom). This operatiorsimore complicated than
the edge split, since all elements referring to the deleted nedhave to be changed.
However, the pointers to neighboring elements are su cient fodoing this in a limited

number of operations, independent of the total mesh size. Anoth&ssue with node
deletion is that we have to make sure the mesh is still valid. Foxxample, we can not

merge two boundary nodes connected by an internal edge.

3.3.3 The Initial Mesh

The rst step of our iterative mesh generator is to generate thenitial locations of
the node points and their connectivities. In the MATLAB code ths is done by
rst creating a regular grid with the given spacinghy. Points outside the domain
are removed, and for non-uniform size functions points are fewith a probability
proportional to the desired density. The new connectivities ra computed in the
rst iteration by a Delaunay triangulation. This technique is easy to implement and
usually generates good results, but it can be improved in severgays.

One drawback with this approach is that a large number of pota might be
discarded, either because they are outside the domain or becatise size function
is highly non-uniform. For example, if the desired sizes di eby several orders of
magnitude, the initial uniform mesh might not even t in the memory. This is also
true for geometries that Il a small portion of their bounding box. One way to solve
the problem is to subdivide the region into smaller boxes (foxample using an octree
data structure) and apply the technique individually in eachbox.

The second issue is the connectivity computation by the Delaupdriangulation.
This step is expensive and might not generate conforming elent® (edges can cross
the boundary). In two dimensions we can use a constrained Delayntriangulation
[16], but in higher dimensions such a triangulation might notast.

In our C++ code we generate the initial mesh by a new techniquewhich is
more robust and e cient. We begin by enclosing the entire geontey with one large
element (a regular triangle). This mesh is then repeatedly med until the edges

are smaller than the sizes given bi(x). These re nements can be made using local
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re nement techniques [51], but we use a simpler method where wanply split an
edge by dividing two neighboring triangles and ip edges tomprove the quality.

During the re nements, elements that are completely outsidehte domain can be
removed since they will never be part of the nal mesh. We can dett this using the
distance function, a su cient condition is d > " ax, Where "ax IS the longest edge
of the element. After the re nements, we remove outside elemenif d > 0 at the
element centroid (as in the MATLAB code).

With a good data structure and routines that operate locally,this procedure
requires a time proportional to the number of nodes, and it retrns a complete mesh
including both the nodes and their connectivity.

We also mention that for a discretized implicit geometry de niion, the initial
mesh can be generated directly from the discretization. For ample, a 2-D Cartesian
background grid can easily be split into triangles. At the boundries, we can generate
elements of poor quality that t to the boundary (by splitting the boundary cells),
or we can let the mesh generator move the nodes to the boundarias before. In
either case, the quality of the mesh is not important since it wilbe improved by the
iterations, and the node density can be controlled by the dengitcontrol described

above.

3.4 Internal Boundaries

In nite element calculations it is often desirable to have elments that are aligned
with given internal boundaries. This makes it possible to, forxample, solve partial
di erential equations with discontinuities in the material coe cients. The internal
boundaries divide the geometry into several subdomains, whiere connected only
through the common node points on the boundaries.

One way to obtain elements that are aligned with internal bondaries is to mesh
the boundaries separately before meshing the entire domaimaa x the location of
these generated node points and boundary elements. This is esisdlig the bottom-

up approach used by other mesh generators such as Delaunay rement, and it relies
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Figure 3-5: An example of meshing with internal boundaries.

on an explicit representation of the internal boundaries.

A solution more in the spirit of our mesh generator is to represerihe internal
boundaries implicitly, by another distance functiord, (x) (as before, with approximate
projections this could be any smooth implicit function ;(x)). We then project
internal boundary points using this function in the same way abefore. The di culty
is to determine which points to project, since we now have pdsion both sides of the
boundary. A simple solution for our MATLAB code is to nd edges that cross the
internal boundary and project the closer endpoint of the edgeThis is not entirely
robust though, and a better solution is to start with an initial mesh that aligns
with the boundaries, and keep track of these nodes during theetations. If a new
node tries to cross the boundary it is added to the list of boundg nodes and is
projected. Density control as described above might be reqad, in particular to

remove boundary nodes.

An example is shown in Figure 3-5. The square geometry has twoenhal bound-
aries, consisting of a circle and a polygon. Note that the sant(x) can represent

all internal boundaries, as long as they do not cross.
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3.5 Anisotropic Meshes

Up to now we have considered the generation of isotropic meshes.evehthe lengths
of all the edges in an element are approximately equal. Sormees it is desirable
to use anisotropic elements, where the edge length depends oe trientation of
the edge. One example is in computational uid dynamics, whersolution elds
with boundary layers or shocks have large variations in onerdction but not in the
other. By using anisotropic elements we can resolve the solutiascurately with few
elements. Another application of anisotropic meshes is when theesh is transformed
from a parameter space to real space, for example with parameted surfaces (see
Section 3.6.2). The parameterization might distort the eleents but this can be
compensated for by generating an appropriate anisotropic mesh the parameter

space.

We can extend our mesh generator to generate anisotropic meshgsntroducing
a local metric tensorM instead of the scalar mesh size functiom. In this metric, all
desired edge lengths are one, and assuming thdt is constant over an edgel, we

can compute the actual edge length from
. P
(U= u™™ u: (3.18)

In two dimensions,M has the form

0 1
@ y) By,

b(x;y) c(x;y)

M (X;y) = (3.19)

For the special case of an isotropic size functidm(x;y), the corresponding metric is
M = I=h2. An anisotropic metric with sizeshy; hy in the x; y-directions is represented

by M = diag(1=h2; 1:h§). In the general caseM can be written in terms of its
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eigendecomposition as
AR ! (3.20)

whereR is a rotation matrix and hy; h, are the desired sizes along the directions of

the column vectors ofR.

To incorporate anisotropy into our mesh generator, we repladbe size functionh
by M, for example by the three functionsa(x;y); b(x;y); c(x;y). In the calculation
of the edge lengths in the force function, we set all desired sz one and compute
actual lengths by (3.18) withM averaged at the two end points. The metric also
changes the connectivity updates, where we can use a modi edrfoof the in-circle
test, or a length based quality test withM averaged over the element nodes. We also

modify the edge lengths in the density control, if applied.

An example is shown in Figure 3-6. We generate a mesh of the unitate, where
the mesh is very ne in the radial direction near the boundary.This can be expressed

using (3.20) with the sizes

P
hy = min( hyin + 9(1 X2+ yZ); Nmax) (3.21)

where hyin = 0:01, hphax = 0:2, and g = 0:3, and the rotation picks out the normal

and tangential directions:

1 @ Ya.
X2+y2 oy X

R =

(3.23)

The generated mesh can accurately represent a boundary laydrtloickness 0:01,

but with a total of only 500 node points.
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Figure 3-6: An anisotropic mesh of the unit circle, with small edgs in the radial
direction close to the boundary.

3.6 Surface Meshes

Generating a surface mesh means we are only interested in the bdary surface of
a domain in three dimensions, or the discretization of the bousmdy curves in two
dimensions. This is of interest when only the surface mesh is repd, for example
with boundary element methods and in computer graphics apphtions, but also as a
preprocessing step for generating a volume mesh (tetrahedralittwfor example the

Delaunay re nement method.

3.6.1 Implicit Surfaces

For surfaces given in an explicit parameterized form, we cameate a triangular mesh
in the parameter plane and map the nodes to the surface. This ascommon repre-
sentation of CAD geometries, and we discuss it further in the next siégon. Here, we
consider the implicit speci cation of the boundaries as the ze level set of a function
(x) in R3, just like before. This eliminates the need to form the paranterization and
to divide the domain into patches, by working directly with the implicit description.

We propose the following simple modi cation to generate surfaomeshes: Project

all the nodes after every iteration. This corresponds to assimg reaction forces

normal to the boundary of exactly the right magnitude to keepthe points at the
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boundary. The actual mesh generation then proceeds almost aghe two dimensional

case, but with the nodes moving in three dimensions.

One problem with this approach to surface meshing is the genéom of the con-
nectivities. The Delaunay triangulator would generate tetahedra in the entire convex
hull. Even if we discarded all elements except for the boundatriangulation, it would
give poor element qualities. Instead, we use our explicit mesh dieations from Sec-
tion 3.3. We ip edges to improve triangle qualities, where th qualities are de ned for

triangles embedded irR3. Some care has to be taken to avoid inverting the elements.

The initial mesh can be created with the same techniques as inclen 3.3.3,
but keeping only the triangles on the surface. For a discretidegeometry, such as a
Cartesian or Octree description, it is easy to triangulate the stace in each cell of
the background grid, and let the density control coarsen andfore ne the mesh. In

computer graphics a popular algorithm for this is the marcimg cube method [37].

An example mesh is shown in Figure 3-7. The di erence between a spb and a

cylinder is formed by smoothed set operations [70]:

(x)=9( d;R)+ g(d;R) 1 (3.24)
P

d= x2+y2+27z2 R, (3.25)

dz = P X2+ 72 R, (326)
8
24(s R)(9R=4 9)=(9R%) ifs R:

g(s;R) = _ ¢RI J=OR ' (3.27)

-0 otherwise

with R =0:5, R;{ =1:2, and R, = 0:5. The size function is based on curvature and
gradient limiting (see Chapter 4), and the mesh is generated llje method described

above.

Note that this implicit representation can only be used for clogksurfaces. It might
be possible to mesh an open subset of the surface using a second imgliciction
that de nes the new boundaries (similar to the handling of thanternal boundaries

described before). We have not worked out the details on how tlo these projections.
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Figure 3-7: A triangular surface mesh, full mesh (left) and spliview (right).

3.6.2 Explicit Surfaces

We now show how to mesh a parameterized surface patch, for examl rational
Bezier surface. We are given an explicit mapping (u; v) from the parameter space
(u;v) to R3:

r(u;v) = (X (u;v); Y (U;v); Z(u;v)): (3.28)

To mesh this parameterized surface means we want to trianguéata region
in the (u;v) space such that when the nodep; = (uj;Vv;) are mapped tor (p;),
the corresponding triangles are of high quality, accordingotsome quality norm for
triangles in R3. In general, is a subset of the de nition space (1;v) 2 [0;1] [0;1]
(a \trimmed surface") . In our setting, it is natural to describe implicitly by

(u;v) 0.

We could in principle nd an implicit function representing the surfacer (u;v),
for example by implicitization [54], and use the same projectn techniques as we
described in the previous section. In general this results ingh-degree polynomials,
and it is not clear how to handle the boundaries (u;v) = 0. Instead, we keep the
explicit formulation and do the projections by solving for tle smallest distance from

a point to the surface.
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A straight forward method is to mesh the domain in parameter sp&e without
considering the mapping. The resulting mesh in real space is tggily of low quality,
since the mapping deforms the elements. We could compensate tiois by gener-
ating an appropriate anisotropic mesh in the parameter spacesing the techniques
described in Section 3.5. However, we have found it easier to ¢éalidvantage of our
force- and projection-based mesh generation, and create alzguality mesh directly
in R3. This approach is particulatly advantageous for highly disirted mappings or

degenerate surface patches, which are common in practical CAppdications.

The force calculations and the connectivity updates are denexactly as for the
implicit surface meshes, as described in Section 3.6.1. After thpdate, each node
pi = (X;Vi;z) is projected back to the surface by solving foru}; v;) that minimizes

min jr (u;v) - pii? (3.29)
and settingp;  r(ui;Vv;). We solve (3.29) with a damped Newton's method, which
converges very fast because of the good initial condition frothe previous node

locations. The rst and second derivatives of (u;v) can be computed by explicit

di erentiation or numerically.

For the boundary nodes, which we detect from their connectiyi or by (u;; v;) >
0, we could project using our usual projections in theu(v)-plane. However, for
non-orthogonal mappings this gives highly inaccurate regs| since inR3 the points
are moved tangentially to the boundary. Instead we project usg a constrained
optimization:

8

S ming.y jr(uisv)  pij?

(u;v) =0

(3.30)

We rewrite (3.30) as a system of non-linear equations in term§aLagrange multiplier
t, and solve using Newton's method as before. We can simplify thig b rst order
approximation (ui;vi) = o+ (Ui u’)+ (v V), where u?;VvP) are the initial

parameter values for node, and ;  are the components of the gradient evaluated
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at (u%;v?). The constraint (u;;Vv;) = 0 then gives us a relation betweeru; and v;,
(Ui ud)+ y(vi VvP)=0, and we can apply the projection in two separate steps.
First we project (u;;V;) back orthogonally to the boundary in the {1;v) space using
the usual rst order approximation:
(bi;w) Uiz vi) _(ivi) (uis v): (3.31)
ir (uisv)j?
Next we solve a scalar non-linear optimization problem where vgearch only in the

direction orthogonal tor = ( ; y):
mtin jrie t y: ¥+t x) pijz; (3.32)

and nally wesetp; r(ti t y;w+ (t). If this approximation is inaccurate (that
is,j (¢ t y;w+ «t)jistoo large), we can repeat the projections, use a second-order
approximation of (u;;V;), or solve the full non-linear system of equations (3.30) with
repeated evaluations of (u;;Vv;).

As an example, we generate a mesh for a bi-quadratic rationaleBer surface.
These have the form

P, Py - b B ;
i =0 W” b” BI,Z(U)BJ:Z(V) .

r(uv) = —P—2—p= ; (3.33)
. jzzo Wi Bi;2(U)Bj; 2(V)
where the basis functiond8;,, are Bernstein polynomials
B t) = n! 1 t n iti . - Q::::: . 3.34
i;n()—m( ) ; =050, (3.34)

bj are control points, andw; are weights. Figure 3-8 (top) shows the mapping of
(u;v) 2 [0;1] [O; 1] to a surface together with its control pointsb; . In the middle
plot, we show how a high-quality mesh in the parameter space getsformed by the
mapping. Finally, in the bottom plot we show the result after foce equilibrium in
R3 and rst-order projections as described above. This mesh is afurse distorted in

the parameter space, but we did not have to explicitly work wh this anisotropy.
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Rational Bezier surface and control points

Direct mapping from parameter space (u; V)

Force equilibrium in  R®

Figure 3-8: Mesh generation for a Bezier surface patch. Finalj a force equilibrium
in R® gives a high-quality mesh directly.
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Chapter 4

Mesh Size Functions

Unstructured mesh generators use varying element sizes to resolwe features of
the geometry but have a coarse grid where possible to reduce totaesh size. The
element sizes can be described bynaesh size functionh(x) which is determined by
many factors. At curved boundariesh(x) should be small to resolve the curvature.
In region with small local feature size (\narrow regions"), smélelements have to be
used to get well-shaped elements. In an adaptive solver, consittgion the mesh size
are derived from an error estimator based on a numerical solutioIn addition, h(x)
must satisfy any restrictions given by the user, such as speci ed sizelose to a point,
a boundary, or a subdomain of the geometry. Finally, the ratidbetween the sizes
of neighboring elements has to be limited, which correspontts a constraint on the
magnitude ofr h(x).

In many mesh generation algorithms it is advantageous if an pppriate mesh
size functionh(x) is known prior to computing the mesh. This includes our mesh
generator that we developed in Chapter 2 and 3, but also the aakcing front method
[48] and the paving method for quadrilateral meshes [6]. Theopular Delaunay
re nement algorithm [53], [59] typically does not need an elicit size function since
good element sizing is implied from the quality bound, but higer quality meshes can
be obtained with good a-priori size functions.

Many techniques have been proposed for automatic generatiohmesh size func-

tions, see [47], [73], [72]. A common solution is to represent teeze function in
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a discretized form on a background grid and obtain the actualalues ofh(x) by
interpolation, as described in Section 3.1.1.

We present several new approaches for automatic generationmésh size func-
tions. We represent the geometry by its signed distance functiofdistance to the
boundary). We compute the curvature and the medial axis dictly from the distance
function, and we propose a new skeletonization algorithm witlsubgrid accuracy.
The gradient limiting constraint is expressed as the solution ajur gradient limiting

equation, a hyperbolic PDE which can be solved e ciently usindast solvers.

4.1 Problem Statement

We de ne our mesh size functionh(x) for a given geometry by the following ve

properties:

1. Curvature Adaptation On the boundaries, we requird(x) 1=Kj (x)j, where
Is the boundary curvature. The resolution is controlled by te parameterK
which is the number of elements per radian in 2-D (it is relatéto the maximum

spanning angle by 1=K = 2sin( =2)).

2. Local Feature Size Adaptation Everywhere in the domain,h(x) Ifs(x)=R.
The local feature size If{) is, loosely speaking, half the width of the geometry
at x,. The parameterR gives half the number of elements across narrow regions

of the geometry.

3. Non-geometric Adaptation An additional external spacing function hgy(x)
might be given by an adaptive humerical solver or as a user-spedi function.

We then require thath(x)  hex(X).

4. Grading Limiting  The grading requirement means that the size of two neigh-
boring elements in a mesh should not di er more than a factoG, or h;  Gh,
for all neighboring elements;j. The continuous analogue of this is that the

magnitude of the gradient of the size function is limited byr h(x)] G 1 g
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(an alternative de nition is g logG, depending on the interpretation of the

element sizes).

5. Optimality  In addition to the above requirements (which are all upper bunds),

we require thath(x) is as large as possible at all points.

We now show how to create a size function(x) according to these requirements,
starting from an implicit boundary de nition by its signed distance function (x),

with a negative sign inside the geometry.

4.2 Curvature Adaptation

To resolve curved boundaries accurately, we want to impose thervature requirement

h(x) heuv (X) On the boundaries, with

8

2 e (X) = 1=Kj (x)j; if (x)=0;

> (x) i OO i (%) @)
71 if (x)60;

where (x) is the curvature at x. In three dimensions we use the maximum principal
curvature in order to resolve the smallest radius of curvature.

For an unstructured background grid, where the elements ardigned with the
boundaries, we simply assign values fdr(x) on the boundary nodes and set the
remaining nodal values to in nity. Later on, the gradient limiting will propagate
these values into the rest of the region. The boundary curvatarmight be available
as a closed form expression, or it can be approximated from the f&ge triangulation.

For an implicit boundary discretization on a Cartesian backgyund grid we can

compute the curvature from the distance function, for examplin 2-D:

2 2
r oy 2y x w7t oy x.

i (i )7

(4.2)

In 3-D similar expressions give the mean curvaturel and the Gaussian curvature

K, from which the principal curvatures are obtained as = H P H2 K. On
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a Cartesian grid, we use standard second-order di erence appnmations for the

derivatives.

These di erence approximations give us accurate curvatures the node points,
and we could compute mesh sizes directly according to (4.1) dmetnodes close to the
boundary, and set the remaining interior and exterior nodesotin nity. However, since
in general the nodes are not located on the boundary, we get agr approximation of
the true, continuous, curvature requirement (4.1). Below wshow how to modify the

calculations to include a correction for node points not ajned with the boundaries.

In two dimensions, suppose we calculate a curvaturg at the grid point x;; . This
point is generally not located on the boundary, but a distance jj away. If we set

heuv (X)) = 1=(Kj j J) we get two sources of errors:

We use the curvature atx; instead of at the boundary. We can compensate

for this by adding j to the radius of curvature:

l "
bound = T = ! 4.3)
Note that we keep the signs on and . If, for example, > 0 and > O,
we should increase the radius of curvature. This expression isaekfor circles,

including the limiting case of zero curvature (a straight ling

Even if we use the corrected curvature yoyng, We impose ourhg,, at the grid
point x; instead of at the boundary. However, the grid point will be a eted
indirectly by the gradient limiting, and we can get a better stimate of the
correcth by addinggj j j. Interpolation of this expression involving an absolute
function is inaccurate, and again we keep the sign ofand subtractg j (that

is, we add the distance inside the region and subtract it outside).

Putting this together, we get the following de nition of h¢, in terms of the grid
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spacing X:

8
E + 5 . ; .
< 9 il 2X
hCUI’V(Xij): S K 1) ] (44)
-1 jii>2 x

This will limit the edge sizes in a narrow band around the bouraties, but it will
not have any e ect in the interior of the region. A similar expession can be used in
three dimensions, where the curvature is replaced by maximunripcipal curvature

as before, and the correction makes the expression exact for efgs and planes.

4.3 Feature Size Adaptation

For feature size adaptation, we want to impose the conditioh(x)  hys(Xx) every-

where inside our domain, where

8
i his(x) =lfs(x)=R; it (x) O; (4.5)
> 1 if (x)> 0

The local feature sizelfs(x) is a measure of the distance between nearby boundaries.
It is de ned by Ruppert [53] as \the larger distance fromx to the closest two non-
adjacent polytopes [of the boundary]". For our implicit boundary de nitions, there
is no clear notion of adjacent polytopes, and we use instead thendar de nition
(inspired by the de nition for surface meshes in [2]) that the loal feature size at a
boundary point x is equal to the smallest distance betweex and the medial axis.
The medial axis is the set of interior points that have equal dtance to two or more
points on the boundary.

This de nition of local feature size can be extended to the eme domain in many
ways. We simply add the distance function for the domain boundgrto the distance

functions for the medial axis, to obtain our de nition:

Ifsma (X) = j ()i + ] wma (X)J; (4.6)
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where (x) is the distance function for the domain and ya (X) is the distance to its
medial axis (MA). The distances ya (Xx) are always positive, but we take its absolute
value to emphasize that we always add positive distances.

The expression (4.6) obviously reduces to the de nition in [2]tdboundary points
X, since then (x) = 0. For a narrow region with parallel boundaries, Ifsk) is exactly
half the width of the region, and a value oR = 1 would resolve the region with two
elements.

To compute the local feature size according to (4.6), we have tompute the
medial axis transform ya (X) in addition to the given distance function (x). If
we know the location of the medial axis we can use the technigqueescribed in
Section 3.1.2, for example explicit calculations near the edial axis and the fast
marching method for the remaining nodes. The identi cation bthe medial axis
is often referred to asskeletonization and a large number of algorithms have been
proposed. Many of them, including the original Grass re algotihm by Blum [8], are
based on explicit representations of the geometry. Kimmel etl §36] described an
algorithm for nding the medial axis from a distance functionin two dimensions, by
segmenting the boundary curve with respect to curvature extnea. Siddiqi et al [62]
used a divergence based formulation combined withthinning process to guarantee
a correct topology. Telea and Wijk [52] showed how to use the fastarching method

for skeletonization and centerline extraction.

Although in principle we could use any existing algorithm for sketonization using
distance functions, we have developed a new method mainly besa our requirements
are slightly di erent than those in other applications. Maintaining the correct topol-
ogy is not a high priority for us, since we do not use the skeletongology (and if
we did, we could combine our algorithm with thinning, as in [B]). This means that
small \holes" in the skeleton will only cause a minor perturbatia of the local feature
size. However, an incorrect detection of the skeleton close tcetbhoundary is worse,
since our de nition (4.6) would set the feature size to a very smiavalue close to that
point.

We also need a higher accuracy of the computed medial axis lboa. Applications

72



in image processing and computer graphics often work on a pixelel, and having a
higher level of detail is referred to asubgrid accuracy A nal desired requirement
is to minimize the number of user parameters, since the algorith must work in
an automated way. Other algorithms typically use xed paramteers to eliminate
incorrect skeleton points close to curved regions. We use the caiure to determine
if candidate points should be accepted, based on a parameterigg the smallest
resolved curvature.

Our method is based on a simple idea: For all edges in the comptibmal grid, we
t polynomials to the distance function at each side of the edgeand detect if they
cross somewhere along the edge (Figure 4-1). Such a crossinginesa candidate for
a new skeleton point and we apply several tests, more or less heucisto determine
if the point should be accepted.

The complete algorithm is shown in Table 4.1. We scale the domato have
unit spacing, and for each edge we consider the interal2 [ 2;3] wheres 2 [0; 1]
corresponds to the edge. Next we t quadratic polynomialp; and p, to the values of
the distance function at the two sides of the edge, and computédir crossings. Our
tests to determine if a crossing should be considered a skeletonrp@re summarized

below:
There should be exactly one roos, along the edges 2 [0; 1].

The derivative of p, should be strictly greater than the derivative ofp; in s 2

[ 2;3] (it is su cient to check the endpoints, since the derivativesare linear)

The dot product between the two propagation directions should be smaller

than a tolerance, which depends on the curvatures of the twoohts (see below).

We reject the point if another crossing is detected within thenterval [ 2; 3]

with a larger derivative di erence dp,=ds dp,=ds at the crossingsp.

The dot product is evaluated from one-sided di erence approximations of
This is compared to the expected dot product between two frofrom a circle of radius

15 j, where s the largest curvature at the two points. With one unit separabn
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Algorithm 4-1: Skeletonization using Distance Function

Description: Compute the crossing between grid edges and the medial axis.
Input:  Grid X , discretized distance function ji , parameters and
Output: Medial axis crossing; and distances to neighboring nodesya (Xijx )

Normalize grid pointsx;x and jx to have unit grid spacing
Computer jx with one-sided di erence approximations
Compute maximal principal curvature j from j with di erence approximations
for all consecutive six nodes; 23k
Dene 1;::5) 6= i 2kl i35k

Fit parabola p,(s) to the data points (s; )=(1; 4);(2; 5);(3; )
Find real roots of p(s) = p2(s) pi(S)

if one rootsyin [0;1]and d p=ds>0in[ 2;3]
Let 1= i g and 2= a2k
Compute dot product between fronts atXjx and X1 jx

R S B B
if < 1 Zmax(3 3 2,)=2

Acceptp = Xk + e;hsy as a medial axis point
Compute medial axis normal

rigk r i+1 ik
kr ik o iskK

n =(ny;Ny;n;) =

Compute the distance to the two neighboring points

Ma;1 = jnxhs]
ma:2 = JNxh(1  Sp)]

end if
end if
end for
Within each interval X; 2.3« keepp with largestd p=dgsp)
Repeat for consecutive nodes ip- and z-direction

Table 4.1: The algorithm for detecting the medial axis in a dicretized distance func-
tion and computing the distances to neighboring nodes.
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Contours of (x;y) and shock

(X%:J)s pr(X), p2(x)

P2
p1

max
7 N
7 AN

P20 1 i i+1 i+2 i+3

Figure 4-1: Detection of shock in the distance function(x; y) along the edgej ); (i+
1;j). The location of the shock is given by the crossing of the two palbolasp;(x)
and p(x).

between the points and an angle between the fronts, this dot product is
cos =1 2sirf(=2)=1 2( j=2)’=1 ?2=2 (4.7)

We reject the point if the actual dot product is larger than this for any of the
curvatures ;; , at the two sides of the edge or the given tolerancg, . We calculate

using di erence approximations, and to avoid the shock we evalte it one grid
point away from the edge. To compensate for this we include alésance in the

computed curvatures.

If the point is accepted as a medial axis point, we obtain thearmal of the medial
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Figure 4-2: Examples of medial axis calculations for some pkr geometries.

axis by subtracting the two gradients. The distance from the medl axis to the two
neighboring points are thenjnyhsyj and jnyh(1  sg)j. These are used as boundary
conditions when solving for ya (X) in the entire domain using the fast marching
method.

Some examples of medial axis detections are shown in Figur@.4-Note how
the three parabolas (top right) are handled correctly with he curvature dependent

tolerances.

4.4  Gradient Limiting

An important requirement on the size function is that the ratioof neighboring element
sizes in the generated mesh is less than a given valtie This corresponds to a limit on
the gradientjr h(x);] gwith g G 1. In some simple cases, this can be built into
the size function explicitly. For example, a \point-source" sie constrainth(y) = hg
in a convex domain can be extended d€x) = ho+ gjx yj, and similarly for other
shapes such as edges. For more complex boundary curves, localufeasizes, user
constraints, etc, such an explicit formulation is di cult to cr eate and expensive to
evaluate. It is also harder to extend this method to non-conxedomains (such as the

example in Figure 4-6), or to non-constang (Figures 4-10 and 4-11).
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One way to limit the gradients of a discretized size function i® iterate over the
edges of the background mesh and update the size function ldgdbr neighboring
nodes [10]. When the iterations converge, the solution satisgr h(x)j g only
approximately, in a way that depends on the mesh. Another metfbis to build a
balanced octree, and let the size function be related to the sipf the octree cells [26].
This data structure is used in the quadtree meshing algorithm {7, and the balancing
guarantees a limited variation in element sizes, by a maximunadtor of two between
neighboring cells. However, when used as a size function for atheeshing algorithms
it provides an approximate discrete solution to the original ppblem, and it is hard
to generalize the method to arbitrary gradientgy or di erent background meshes.

We present a new technique to handle the gradient limiting ptwem, by a contin-
uous formulation of the process as a Hamilton-Jacobi equatio®since the mesh size
function is de ned as a continuous function ok, it is natural to formulate the gra-
dient limiting as a PDE with solution h(x) independently of the actual background

mesh. We can see many bene ts in doing this:

The analytical solution is exactly the optimal gradient limted size function
h(x) that we want, as shown by Theorem 4.4.1. The only errors comeoin
the numerical discretization, which can be controlled and deiced using known

solution techniques for hyperbolic PDEs.

By relying on existing well-developed Hamilton-Jacobi solvemwe can generalize
the algorithm in a straightforward way to

{ Cartesian grids, octree grids, or fully unstructured meshes

{ Higher order discretizations

{ Space and solution dependerg

{ Regions embedded in higher-dimensional spaces, for exampldéaze meshes

in 3-D.

We can compute the solution inO(n logn) time using a modi ed fast marching

method.
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4.4.1 The Gradient Limiting Equation

We now consider how to limit the magnitude of the gradients of &unction hg(x),
to obtain a new gradient limited function h(x) satisfying jr h(x)] g everywhere.
We require that h(x) hg(x), and at everyx we want h to be as large as possible.

We claim that h(x) is the steady-state solution to the followingGradient Limiting

Equation:

%T+ jr hj=min(jr hj;Q); (4.8)
with initial condition

h(t =0;x) = ho(x): (4.9)

When jr hj g, (4.8) gives that @h=@+ 0, and h will not change with time.
When jr hj > g, the equation will enforcejr hj = g (locally), and the positive sign
multiplying jr hj ensures that information propagates in the direction of ineasing
values. At steady-state we have thafr hj = min(jr hj;g), which is the same as
rhj g

For the special case of a convex domain R" and constantg, we can derive an
analytical expression for the solution to (4.8), showing that iis indeed the optimal

solution:

Theorem 4.4.1. Let R" be a bounded convex domain, arid= (0;T) a given

time interval. The steady-state solutiorh(x) =lim t,; h(x;T) to

8
2@y jr hj =min(jr hj; X;t) 2 I
© h(X;t)jizo = ho(X) X 2

h(x) =min (ho(y) + gix  yj): (4.11)
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Proof. The Hopf-Lax theorem [34] states that the solution to the Hamilto-Jacobi
equation ‘é—i‘ + F (r u) = 0 with initial condition u(x; 0) = ug(x) and convexF (w) is

given by
u(x;t) = min [uo(y) + tF ((x y)=1) (4.12)

whereF (u) = max,(wu F(w)) is the conjugate function ofF.
For our equation (4.10), rewrite as%?+ F(r h) =0, with F(w) = jwj min(jwj;g).

The conjugate function is

F (u)= max (wu  F(w))

=max(wu j wj+min(jwj;Q))
8W
2 gjuj; if juj < 1,

= (4.13)
> I
- +1 ifju 1.
Using (4.12), we get
h(t) =min [ho(y) + tF ((x y)=1)]
= min (ho(y) + gix yj): (4.14)
x yj ot
Lett!1l to get the steady-state solution to (4.10):
h(x) = min (ho(y) + gix  yJ): (4.15)
[

Note that the solution (4.11) is composed of in nitely many poitrsource solutions
as described before. We could in principle de ne an algorithrbased on (4.11) for
computing h from a givenhg (both discretized). Such an algorithm would be trivial
to implement, but its computational complexity would be prgortional to the square

of the number of node points. Instead, we solve (4.10) using e ai Hamilton-Jacobi
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Max Gradient g = 4 Max Gradient g =2

Max Gradientg=1 Max Gradient g=0:5

\\\\\\\\

Figure 4-3: lllustration of gradient limiting by @h=@ jr hj = min(jr hj;g). The
dashed lines are the initial conditiondhy and the solid lines are the gradient limited
steady-state solutionsh for di erent parameter valuesg.

solvers.

The gradient limiting is illustrated by a one dimensional examle in Figure 4-
3, where (4.10) is solved using dierent values of and a simple scalar function
as initial condition. Note how the large gradients are reduceexactly the amount
needed, without a ecting regions far away from them. This isvery di erent from
traditional smoothing, which a ects all data and gives excesge perturbation of the
original function ho(x). Our solution is not necessarily smooth, but it is continuous

andjr hj g everywhere.

4.4.2 Implementation

One advantage with the continuous formulation of the probla is that a large variety
of solvers can be used almost as black-boxes. This includes s@Ver structured and

unstructured grids, higher-order methods, and specialized fastlvers.

On a Cartesian background grid, the equation (4.8) can be sobyavith just a few
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lines of code using the following iteration:
hict = hijc + t min(r j;0) r (4.16)
where

ik = max(D *h ;0)?+min(D**h, ;0)*+
max(D Yhj ;0)? + min( D*Yhj, ; 0)*+

max(D ZhY, ;0)2 + min( D*h0, ;0)? = (4.17)

Here, D * is the backward di erence operator in thex-direction, D** the forward
di erence operator, etc. The iterations are initialized byh® = hg, and we iterate until
the updates h(x) are smaller than a given tolerance. The t parameter is chosen
to satisfy the CFL-condition, we use t = x=2. The boundaries of the grid do not

need any special treatment since all characteristics point omérd.

The iteration (4.16) converges relatively fast, although te number of iterations
grows with the problem size so the total computational compléy is superlinear.
Nevertheless, the simplicity makes this a good choice in many siions. If a good
initial guess is available, this time-stepping technique mig even be superior to other
methods. This is the case for problems with moving boundaries,here the size
function from the last mesh is likely to be close to the new size faton, or in
numerical adaptivity, when the original size function alredy has relatively small
gradients because of numerical properties of the underlyiRPE. The scheme (4.16)
is rst-order accurate in space, and higher accuracy can be aeled by using a second-

order solver. See [45] and [33] for details.

For faster solution of (4.8) we use a modi ed version of the fast meling method
(see Section 3.1.2). The main idea for solving our PDE (4.8) is&ed on the fact that
the characteristics point in the direction of the gradient, ad therefore smaller values
are never a ected by larger values. This means we can start by ing the smallest

value of the solution, since it will never be modi ed. We then ugate the neighbors
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Algorithm 4-2: Fast Gradient Limiting

Description:  Solve (4.8) on a Cartesian grid
Input: Initial discretized ho, grid spacing X
Output: Discretized solutionh

Seth = ho
Insert all hj, in a min-heap with back pointers
while heap not empty
Remove smallest elemertJK from heap
for neighborsijk of IJK still in heap:
compute upwindjr hiy j
if jr hyxj>g
Solve forhfg" in r = g from (4.17)
Sethijx  min(hjy ; hig")
end if
end for
end while

Table 4.2: The fast gradient limiting algorithm for Cartesiangrids. The computa-
tional complexity is O(nlogn), where n is the number of nodes in the background
grid.

of this node by a discretization of our PDE, and repeat the pr@dure. To nd the

smallest value e ciently we use a min-heap data structure.

During the update, we have to solve for a newy inr i = g, with r i from
(4.17). This expression is simpli ed by the fact thath;, should be larger than all
previously xed values ofh, and we can solve a quadratic equation for each octant

and sethj, to the minimum of these solutions.

Our fast algorithm is summarized as pseudo-code in Table 4.2. @pared to the
original fast marching method, we begin by marking all nodessarRIAL points, and
we do not have any FAR points. The actual update involves a nomlear right-hand
side, but it always returns increasing values so the update predure is valid. The
heap is large since all elements are inserted initially, but éhaccess time is still only
O(logn) for each of then nodes in the background grid. In total, this gives a solver
with computational complexity O(nlogn). For higher-order accuracy, the technique

described in [55] can be applied.
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An unstructured background grid gives a more e cient represeration of the size
function and higher exibility in terms of node placement. Acommon choice is to
use an initial Delaunay mesh, possibly with a few additional re aments. Several
methods have been developed to solve Hamilton-Jacobi equasoon unstructured
grids, and we have implemented the positive coe cient scheme ®arth and Sethian
[3]. The solver is slightly more complicated than the Cartesianariants, but the
numerical schemes can essentially be used as black-boxes. A gidated version of
the fast marching method was given in [35], and in [18] the algthm was generalized
to arbitrary node locations.

One particular unstructured background grid is the octree mgresentation, and
the Cartesian methods extend naturally to this case (both theteration and the fast
solver). The values are interpolated on the boundaries betes cells of di erent sizes.
We mentioned in the introduction that octrees are commonly sed to represent size
functions, because of the possibility to balance the tree and tieby get a limited
variation of cell sizes. Here, we propose to use the octree as a emment and e cient
representation, but the actual values of the size function areomputed using our
PDE. This gives higher exibility, for example the possibility to use di erent values

of g.

4.4.3 Performance and Accuracy

To study the performance and the accuracy of our algorithms, weonsider a simple
model problem in =( 5050) ( 50 50) with two point-sources,h( 10;0) = 1
and h(10;0) =5, and g = 0:3. The true solution is given by (4.11), and we solve the
problem on a Cartesian grid of varying resolution.

In Table 4.3 we compare the execution times for three di ergisolvers { edge-based
iterations, Hamilton-Jacobi iterations, and the Hamilton-Jaobi fast gradient limiting
solver. The edge-based iterative solver loops until convergenover all neighboring
nodesi;j and updates the size function locally byh; min(hj;hi + gix;  Xij)
(assumingh; > h;). The iterative Hamilton-Jacobi solver is based on the iteratin

(4.16) with a tolerance of about two digits. All algorithms areimplemented in C++

83



# Nodes | Edge lter. | H-J Iter. | H-J Fast
10,000 | 0.009s 0.060s | 0.006s
40,000 | 0.068s 0.470s | 0.030s

160,000 | 0.844s 3.625s | 0.181s
640,000| 6.609s 28.422s| 1.453s

Table 4.3: Performance of the edge-based iterative solver etidamilton-Jacobi iter-
ative solver, and the Hamilton-Jacobi fast gradient limiting stver.

using the same optimizations, and the tests were done on a PC witim @thlon XP

2800+ processor.

The table shows that the iterative Hamilton-Jacobi solver is abut ve times slower
than the simple edge-based iterations. This is because the upddbrmula for the
edge-based iterations is simpler (all edge lengths are the s3red since the Hamilton-
Jacobi solver requires more iterations for high accuracy (abugh their asymptotic
behavior should be the same). The fast solver is better than theettative solvers,
and the di erence gets bigger with increasing problem size (sia it is asymptotically
faster). Note that these background meshes are relatively largad that all solvers

probably are su ciently fast in many practical situations.

We also mention that simple algorithms based on the explicit expssion (4.11)
for convex domains or geometric searches for non-convex damsamight be faster for
a small number of point-sources. However, these methods are noagtical for larger

problems because of th®(n?) complexity.

Next we compare the accuracy of the edge-based solver and Hanmittacobi dis-
cretizations of rst and second order accuracy. The true soluin is given by (4.11),
and an algorithm based on this expression would of course be exaxfull precision.
Figure 4-4 shows solutions for a 100 100 grid, and it is clear that the edge-based
solver is highly inaccurate since it does not take into accoumhe continuous nature
of the problem. It has a maximum error of 7.79, compared to B3and 0.10 for the
Hamilton-Jacobi solvers. This is similar to the error in solving he Eikonal equa-
tion using Dijkstra's shortest path algorithm instead of the coninuous fast marching

method [55]. The error with the edge-based solver might be eviarger for unstruc-
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Figure 4-4: Comparison of the accuracy of the discrete edgeskd solver and the
continuous Hamilton-Jacobi solver on a Cartesian backgroundesh. The edge-based
solver does not capture the continuous nature of the propagag fronts.

tured background meshes which often have low element quadii

4.5 Results

We are now ready to put all the pieces together and de ne the omplete algorithm
for generation of a mesh size function. The size functions frorargature and feature
size are computed as described in the previous sections. The ex# size function
hext(X) is provided as input. Our nal size function must be smaller tha these at

each point in space:

hO(X) = min( hcurv (X); hlfs(x); hext(x)) (4-18)
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Background New Mesh

Figure 4-5: Example of gradient limiting with an unstructured background grid. The
size function is given at the curved boundaries and computed (4.8) at the remaining
nodes.

Finally, we apply the gradient limiting algorithm from Section 4.4 onh, to get the

mesh size functiorh, by solving:

@h+ jr hj =min(jr hj; G) (4.19)

@t

with initial condition h(t =0;x) = ho(x).
We now show a number of examples, with di erent geometries, bagtound grids,

and feature size de nitions.

45.1 Mesh Size Functions in 2-D and 3-D

We begin with a simple example of gradient limiting in two dimasions on a triangular
mesh. For the geometry in Figure 4-5, we sdig(x) proportional to the radius of
curvature on the boundaries, and tdlL in the interior. We solve our gradient limiting
equation using the positive coe cient scheme to get the mesh sizerction in the
middle plot. A sample mesh using this result is shown in the right pt.

This example shows that we can apply size constraints in an arkary manner,

for example only on some of the boundary nodes. The PDE will pragate the values

86



in an optimal way to the remaining nodes, and possibly also chang®e given values
if they violate the grading condition. For this very simple gemetry, we can indeed

write the size function explicitly as
h(x) = min (h; + g {(x)): (4.20)
|

Here, ; and h; are the distance functions and the boundary mesh size for eachtloé

three curved boundaries. But consider, for example, a curvedbndary with a non-
constant curvature. The analytical expression for the size fution of this boundary
is non-trivial (it involves the curvature and distance functon of the curve). One
solution would be to put point-sources at each node of the badkgind mesh, but the
complexity of evaluating (4.20) grows quickly with the numier of nodes. By solving
our gradient limiting equation, we arrive at the same solutionin an e cient and

simple way.

In Figure 4-6 we show a size function for a geometry with a narroglit, again
generated using the unstructured gradient limiting solver. Ta initial size function
ho(x) is based on the local feature size and the curved boundary atetiop. Note
that although the regions on the two sides of the slit are close &ach other, the small
mesh size at the curved boundary does not in uence the other rieg. This solution
is harder to express using source expressions such as (4.20), whavee expensive

geometric search routines would have to be used.

A more complicated example is shown in Figure 4-7 (left plots)Here, we have
computed the local feature size everywhere in the interior ¢tfhie geometry. We com-
pute this using the medial axis based de nition from Section 8. The result is stored
on a Cartesian grid. In some regions the gradient of the localafieire size is greater
than g, and we use the fast gradient limiting solver in Algorithm 4-2 to gt a well-
behaved size function. We also use curvature adaptation as befo Note that this
mesh size function would be very expensive to compute expligjtisince the feature

size is de ned everywhere in the domain, not just on the boundis.

As a nal example of 2-D mesh generation, we show an object with st bound-
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h(x) New Mesh

9

A

Figure 4-6: Another example of gradient limiting, showing theanon-convex regions
are handled correctly. The small sizes at the curved boundaryaot a ect the region
at the right, since there are no connections across the narrowtsl

aries in Figure 4-7 (right plots). We use a Cartesian grid for theackground grid and
solve the gradient limiting equation using the fast solver. Theehture size is again
computed using the medial axis and the distance function, andhé curvature is given
by the expression with grid correction (4.4) since the grid is maligned with the
boundaries.

The PDE-based formulation generalizes to arbitrary dimensits, and in Figure 4-
8 we show a 3-D example. Here, the feature size is computed exgjicirom the
geometry description, the curvature adaptation is applied o the boundary nodes,
and the size function is computed by gradient limiting withg = 0:2. This results in
a well-shaped tetrahedral mesh, in the bottom plot.

A more complex model is shown in Figure 4-9.We apply gradient limiting with
g = 0:3 on a size function which is computed automatically, takingnto account
curvature adaptation and feature size adaptation (from the mdial axis, as described

before). The plots show the nal mesh size function and an exangmesh.

4.5.2 Space and Solution Dependent ¢

The solution of the gradient limiting equation remains welde ned if we makeg(x)

a function of space. The numerical schemes in Section 4.4.2 atdl valid, and we

1This model was obtained from the The Stanford 3D Scanning Repository.
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Figure 4-7: Mesh size functions taking into account both feata size, curvature, and

gradient limiting. The feature size is computed as the sum of éhdistance function
and the distance to the medial axis.
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Figure 4-8. Cross-sections of a 3-D mesh size function and a sampleahedral mesh.

replace for example in (4.16) with g, . An application of this is when some regions of
the geometry require higher element qualities, and there®mlso a smaller maximum
gradient in the size function.

Figure 4-10 shows a simple example. The initial mesh sizgis based on curvatures
and feature sizes. The left and the right parts of the region havdi erent values of
g, and the gradient limiting generates a new size functioh satisfying jr hj  g(x)
everywhere.

Another possible extension is to leg be a function of the solutionh(x) (although
it is then not clear if the gradient limiting equation has oneunique solution). This
can be used, for example, to get a fast increase for small elemeunesi but smaller
variations for large elements. In a numerical solver this miglbe compensated by
the smaller truncation error for the small elements. A simple exaple is shown in
Figure 4-11, whergy(h) varies smoothly between & (for small elements) and @ (for
large elements).

In the iterative solver, we replaceg with g(hji ), and if the iterations converge we
have obtained a solution. In the fast solver, we solve a (scalar) méinear equation

r i« = 9(hyk ) at every update.
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Maximum Mesh Size Function Mesh Based on
Gradient g(x) h(x) h(x)

e Y7

Figure 4-10: Gradient limiting with space-dependeng(x).

Mesh Size Function h(x)

Mesh Based on h(x)

0.4 0.5

Figure 4-11: Gradient limiting with solution-dependentg(h). The distances between
the level sets ofh(x) are smaller for smallh, giving a faster increase in mesh size.
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Chapter 5

Applications

In this chapter we show several applications that are particatly well suited for our
mesh generator. The iterative node movement is appropriaterf meshing geometries
that change with time (\moving meshes"), and we show how to combe the level
set method with the nite element method for applications in slape optimization,
stress-induced instabilities, and uid dynamics. We can also impwe remeshing for
numerical adaptation, where our gradient limiting equatia is solved on the unstruc-
tured background mesh from the previous iteration. Finallywe show how implicit
geometries can be used for meshing objects in images, in two ahdee dimensions.
The gures in this chapter bring out the key points of each aplication, more
powerfully than the words. The central problem is to remesh agdively and quickly,

maintaining high quality.

5.1 Moving Meshes

When our mesh generator creates a sequence of meshes for a mogeametry, we
always have a good initial con guration by the mesh from the mvious time step.
Typically we only need a few additional iterations to obtaina new high quality mesh.
At each step, we need an initial guess for the location of the mepbints. For the rst

mesh we use one of the methods in Section 3.3.3 or the simple rapectechnique in

our MATLAB code. For the subsequent meshes, a fast start is obtained ldisplacing
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Figure 5-1: Example of moving mesh, shown at four di erent tim& The point density
control is used to keep the mesh size uniform when the area chasige

the mesh points a distance/(p) t for each mesh pointp, wherev(p) is the velocity

of the node point and t is the time interval between the two geometries.

Moving meshes are best visualized as animations. Please wsitw-math.mit.edu/
persson/mesto view our movies. For the illustrations here, we show meshes at
a few di erent times. As a simple example of a moving mesh, we show aognetry
consisting of a square having a circular hole with a radius thathanges with time,
see Figure 5-1. Note how the density control ensures that the elem sizes are

approximately equal even though the geometry area changesastically.

One benet of the algorithm is that mesh elements far away fronthe moving
interface are left essentially unmodi ed. This allows easiema more accurate solution
transfer between the meshes and better opportunities for mesbrapression. We also
take advantage of this fact to improve the performance of owlgorithm. We assign a
sti ness to each mesh edge (the constat in (2.5)) that increases with the distance
from the moving interface. A few mesh elements away we detto in nity, which
means these nodes do not move at all. We can then ignore them whsolving for
force equilibrium, which gives a signi cant performance immvement. The technique
is illustrated by the example in Figure 5-2, where we mesh a caidar hole moving
through a rectangle. Only elements in a thin layer close to theircle are allowed to

move at each step, but the element qualities remain very high.
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Figure 5-2: Only mesh points close to the moving interface arlaved to move. This
improves the performance dramatically and provides easierlgtion transfer between
the old and new grids.

5.1.1 Level Sets and Finite Elements

Since our mesh generator is based on distance functions we can tee level set
method [45] to propagate the geometry boundary according tgiven velocity eld.

In this way we combine the bene ts of the level set method (rolst interface propaga-
tion, entropy solutions, topology changes, easy extension to higr dimensions) with

the exibility of general purpose nite element calculatiors on unstructured meshes.

Our moving algorithm starts with an initial geometry, represated by a discretized
implicit function (x) as before. The geometry boundary is then evolved in time
according to a velocity eld v(x) or a normal velocity eld F(x). These elds are
typically dependent on a solution of a physical problem, whicin turn depends on
the current geometry. With our unstructured meshes we can use¢hnite element

method to solve these physical problems.

The actual propagation of the boundary is done using the levekt method, which

solves hyperbolic PDEs on the Cartesian grid using entropy satsfig numerical
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schemes. For a velocity eldv it solves the convection equation

(+r  v=0 (5.1)
and for a normal eld F it solves thelevel set equation

¢t Fjr j=0 (5.2)

(both v and T may depend on space and time). These equations are solved using
numerical discretizations, [56], [43]. We use di erent schemder motion due to
curvature and for general, curvature independent motion. df the general motion, we

use a rst order nite di erence approximation on the Cartesian grid:

nt o= b+ ta max(F0)r o +min(F;0)r g, (5.3)
where
rix = max(D * ;0 +min(D™ [ ;0)+
max(D ¥ {\ ;0% +min(D*Y i\ ;0)*+
max(D ? ;002 +min(D*? § ;002 7 (5.4)

I = min(D {}k;O)2+max(D+X {j‘k;O)2+

<

min(D ¥ {\ ;0)> +max(D*Y [ ;0)*+

min(D * f ;0)>+max(D*? f ;0)? 2. (5.5)

Here,D * is the backward di erence operator in thex-direction, D ** the forward dif-
ference operator, etc. For the curvature dependent part &, we use central di erence
approximations when computing the curvature. For further @tails and higher order
schemes, see [56]. After evolving, it generally does not remain a signed distance

function. We reinitialize by the techniques described in Sgon 3.1.2, for example by
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explicit updates of the nodes close to the boundary(x) = 0 and the fast marching
method for the remaining nodes.

We now show applications using moving meshes and implicit geames. There
are many application areas and here we will focus on two shapg#imization problems,

stress-induced instabilities, and uid dynamics with moving boundaries.

5.1.2 Shape Optimization

Our rst example comes from structural vibration control, andit was solved by Osher
and Santosa using level set techniques on Cartesian grids [44].e \6bnsider the

eigenvalue problem in a region with two materials:

u= (x)u; X 2 (5.6)
u=0; X2 @ (5.7)

The density is constant in the two subregion§ and nS:

8

S 1 forx2zsS
(X) = S (58)
, forx2S;

and we minimize ; or ; subject to the area constraintkSk = K.

We represent the boundary ofS by a signed distance function on a Cartesian
grid. To nd the optimal distribution  (x), we mesh the inside and the outside of the
region using the techniques for internal boundaries in Secti 3.4. We then solve the
eigenvalue problem (5.6)-(5.7) using linear nite elementsn our unstructured mesh.
To decrease theth eigenvalue, we compute a descent direction = F(X)jr |,
where the normal velocity is calculated using the current sdlion ;u; (see [44] for

details):

F= R ?2 1)u-z: (5.9)



Finally, we interpolate this velocity eld to the Cartesian mesh, and use the level
set method to propagate the interface. This velocity eld is gnerally not mass con-
serving, and we implement the conservation constrairtSk = K by solving for a
Lagrange multiplier such that the velocity eld F + conserves mass. This is a
nonlinear problem in the unknown , which we solve using Newton's method.
Figure 5-3 shows the minimization of the rst and the second eiggalue on a
sample geometry. Note how the dark region is split into two sepaeregions in
minimizing . This automatic treatment of topology changes is one of thedme ts
of the level set method. By using unstructured meshes and the ratelement method

we achieve the following additional bene ts:

The material discontinuity is handled with high accuracy sine the mesh is

aligned with the interface between the two densities.

We handle arbitrary outer geometries, again with high accuy. Normally the

level set method is used only on rectangular grids.
The graded mesh sizes give asymptotically more e cient simulatins.

Our second example of shape optimization comes from structuidsign improve-
ment. The geometry in Figure 5-4 is clamped at the left edgend a vertical force is
applied at the midpoint of the right edge. We solve a linear etdostatic problem for

the displacementsu:

8
% div(Ae(u)) =0: in
E u=0; on p (5.10)

- (Ae(u)) = g; on :

The linear operatorA comes from Hooke's law, and are the boundary forces applied
on a part  of the boundary. The remaining boundary p is xed.

The optimization minimizes the compliance, which is the wdérdone by the exter-
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nal forcesg or the total elastic energy:

Z Z
Minimize g uds=  Ae(u) e(u)dx: (5.11)

N

We also impose the area constraint

k k= K; (5.12)

whereK is signi cantly smaller than the initial geometry area. The stepest descent

direction is given by the velocity in the normal direction

F(x)= Ae(u) eu); (5.13)

see [1] for a derivation. Sethian and Wiegmann solved this prein using level set
techniques together with the immersed interface method [57]Allaire, Jouve, and
Toader used a similar technique but solved the linear elastostatproblem using an
Ersatz material approach [1]. Since we have high-quality unsictured meshes at
each iteration, we can solve the physical problem using the retelement method.
We discretize (5.10) using second-order triangular nite eleemts, and solve for the
displacements with a direct sparse solver. The energy calcutati for the steepest
descent direction (5.13) is done on the unstructured mesh, anten interpolated to
the Cartesian mesh for the interface evolution. The optimal strcture is shown in the

bottom plots of Figure 5-4.

Again we see advantages with our general meshes. The Neumann ciows at
most of the boundaries are handled easily and accurately witthé nite element
method. The graded meshes resolve the ne details while haviagminimum of total
number of nodes. Finally, in this example we used standard Lagrge elements,
but the nite element method is better developed than nite d erence methods for

advanced elasticity calculations and provides specializetements.
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Figure 5-4: Structural optimization for minimum of compliance. The structure is
clamped at the left edge and loaded vertically at the right ege midpoint. Note how
the initial topology is modi ed by the algorithm.

5.1.3 Stress-Induced Instabilities

Our next example is a numerical study of Stress Driven Rearraament Instabilities
(SDRI). This phenomenon appears in epitaxial growth of solidano Ims, for example
InAs (Indium Arsenide) grown on a GaAs (Gallium Arsenide) substrateThe stress
is induced by the mis t in the two lattice parameters. This resuls in a morphological
instability where so-called quantum dots are formed on the swae, see Figure 5-5
for an experimental result. Our simulations are based on numeal analysis of the
mathematical problem formulated and analyzed by M. Grinfel [30].

We consider a thin sheet of material, with an initially almost a upper surface.
Our quasi-static interface evolution is based on minimizatioof the total energy, due

to the elastic energy density’ and the surface tension :

y y
E=  "(x)dV+ ds: (5.14)

From this the descent direction can be derived, to give our ietface evolution equation

F(x)="(x) (X); (5.15)

with surface curvature (x). For more details see [30].

We evolve the interface with level set techniques in the same yas before. At each
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InAs

10 nm

Figure 5-5: Transmission Electron Microscopy (TEM) image of de€t-free InAs quan-
tum dots.

step of the quasi-static interface evolution, we generate unsttured meshes for the
domain (x) 0 using our iterative techniques. We then discretize the elast@dic
equations using the nite element method with second-order lgrange elements. The
resulting sparse linear system is solved with a direct sparse solver.

The stress is imposed by applying a prestraining, on the discretized system. We
write the total displacement eld as a sum of a given stretched ke Uy = "X and
an unknown, periodic perturbationU. We then solve forU in KU = KU, where
K is the sti ness matrix with boundary conditions incorporated

Figure 5-6 shows the results of a two dimensional simulation. Thistance func-
tion is represented on a block of dimensions 4 1, discretized with a grid of size
257 97. Initially, the surface is located a distance :66 from the bottom of the
domain, and the height is perturbed at each node in th&;y-plane by normal dis-
tributed random numbers with standard deviation 00025. The material has Young's
modulus E = 1, Poisson's ratio = 0:3, and surface tension = 0:20;0:10;0:05 in
the three simulations.

The boundary conditions specify the displacement in the-direction w = 0 at
the bottom face, and all displacementsi; v; w are periodic at the left/right and the
front/back faces. We use a timestep t; = 0:05 for the curvature independent part,
and t,= t;=10 for the motion by curvature.

The plots in Figure 5-6 show the meshes for the initial and the al boundary
con gurations, and the elastic energy density, where the colds based on a loga-

rithmic scale. Animations of the quasi-static time evolution a& provided at www-
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math.mit.edu/ persson/qdotsand more details including the results of our three di-

mensional simulations can be found in [31].

5.1.4 Fluid Dynamics

Our nal example of moving meshes comes from computational id dynamics. We

solve the incompressible Navier-Stokes equations

@

ot ru+u ru+rP=f (5.16)

rru=0 (5.17)

on a domain that changes with time. Here, is the dynamic viscosity andP the
dynamic pressure, obtained by dividing the viscosity and the pssure by the density.
In our two dimensional example, the uid velocitiesu = (u;Vv) are speci ed on the
entire boundary of to be equal to the velocity of the bounday. Other variants
are possible, allowing in ows, out ows, and free boundaries. Weaodnot need any
boundary conditions for the dynamic pressur®, but to make it unique we set it to
zero at a few corner points.

We discretize (5.16-5.17) in space using the nite element medt, with P2-P1
elements that satisfy the LBB stability condition. For the time evolution we use a
Lagrangian approach, where at each time step we move all the shenodes according
to the current velocity eld u. The total derivative @ =@t u r u then reduces to
a simple partial derivative, and we do not have to discretize #nnonlinear convection
term u r u. This formulation is also natural for problems with moving bandaries,
since the boundary nodes have the same velocity as the boundand therefore follow
it in its motion.

A serious complication with Lagrangian node movement is thahe mesh deforms
signi cantly after a few time steps. We then do a few iterations wh our mesh gen-
erator to improve the mesh. To compensate for this nonphysicabde movement, we
use a simple approach of interpolation between the meshes. Thniroduces addi-

tional numerical di usion into the system, but it gives reasonale velocity elds for
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energy densities (logarithmic color scale).
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ne meshes and small time steps, and the purpose here is to demonstrghe mesh
generation. More sophisticated techniques include,-projections or the Arbitrary
Lagrangian-Eulerian (ALE) method [63].

The viscous term  r 2u is handled by an implicit time integration using back-
ward Euler. Finally, the incompressibility is enforced using @orin's projection
method [17]. At the end of each time step we project the veloats onto a divergence
free space by solving for an \arti cial pressure” in the Pressure Rgson Equation
(PPE) r 2P = r  (u r u), and subtracting its gradient from the velocities. This
simple scheme is only rst order accurate in space, but higher nteids are available.
We use a discrete form of the projection method with nearly corstent mass matrix,
see [29].

In our example, the domain is a square with a rotating object side. The rotation
angle (t) is a given function of time, and our boundary conditions aréhat u = 0 at

the outer boundaries, andu = ugpjec: at the moving object boundaries, where

Uobject (X; Y5 1) = (Y A1) x q1)): (5.18)

We integrate in time until the smallest element quality is bela a threshold, when we
improve the mesh and interpolate the velocities. There are ket ways to do this,
for example by only updating the nodes close to elements of payuality in order to
minimize the numerical di usion due to interpolation.

The resulting meshes during the rst time steps are shown in Figurg-7, both
before and after the mesh improvements. This is an example wheit is important
to maintain high element qualities, since we then can take mortame steps before

having to retriangulate.

5.2 Meshing for Numerical Adaptation

An adaptive nite element solver starts from an initial mesh, soles the physical

problem, and estimates the error in each mesh element. From $ha new mesh size
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Lagrangian Node Movement Mesh Improvement

Figure 5-7: Solving the Navier-Stokes equation on a domaintvimoving boundaries.
The nodes are moved with the uid velocities until the elemenqualities (darkness of
the triangles) are too low, when we retriangulate using our foe equilibrium.
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function can be derived, for example by equidistributing therror across the domain.
The challenge for the mesh generator is to create a new highatjty mesh, conforming
to the size function and other geometrical constraints.

One approach is to re ne the existing mesh, by splitting elemestthat are too
large, and possibly also coarsening small elements. These locahesment techniques
are e cient, robust, and provide simple solution transfer betwen the meshes. The
re nement can be made in a way that completely avoids bad eleants, but the average
gualities usually drop during the process.

An alternative is to remesh the domain by generating a new meshom scratch
based on the desired size function. This technique has been cdased expensive,
but it can produce meshes of very high quality if the size funain is well-behaved.
However, the size functions arising from adaptive solvers may \lelarge gradients
and they have to modi ed before the re nement, at least for meslgenerators that
rely on good size functions.

We propose to use our new techniques for mesh size functions andgimgeneration
for the remeshing. The mesh size function from the adaptive soiue gradient limited,
by solving (4.8) on the mesh from the previous iteration. We the apply a simple
density control scheme, without considering the resulting eleant quality. Finally,
the qualities are improved by iterating toward a force equibrium.

To illustrate the technique, we solve Poisson's equation with aetta source and
estimate the error in the energy norm [22], see Figure 5-8. Thaitial mesh and the
gradient limited size function are shown in left plot. Next, we pply a density control
by splitting and collapsing edges (center plot). Note that thisnesh does not have
to be of high quality, or have good connectivity, so any simple keme can be used.
Finally we solve for force equilibrium (right plot).

We now show two examples of numerical adaptation and remeshimging our
methods. Our rst example solves a simple convective model pra&ph on a square

geometry:

v=[1l;, 2A cos2x] (5.19)
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Old Mesh and h(x) Density Control Force Equilibrium

N
R

Figure 5-8: The steps of the remeshing algorithm. First, a graelt limited size
function h(x) is generated by solving (4.10) on the old mesh. Next, the noderdsty
is controlled by edge splitting and merging. Finally, we solvéor a force equilibrium
in the edges using forward Euler iterations.

(with A = 0:3) and solve foru in the following advection problem:

vV rux;y)=0; xy)2( 1) ( L1 (5.20)

with boundary conditions

u(x; 1)=0; (5.21)
u(x;1) =1, (5.22)
8
o 2 1, ify O
ui Ly = S (5.23)
-0 ify<O:

The exact solution to this problem has a jump:

8

E1; ify Asin2x
u(x;y) = S (5.24)

-0 ify<Asin2x:

We discretize (5.20)-(5.23) using piecewise linear nite elents with streamline-
di usion stabilization. To obtain an accurate numerical soluton, the discontinuity
alongy = Asin2x has to be resolved. We do this using numerical adaptation in

the L,-norm, see [22]. The size function from the adaptive scheme igtly irregular,
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Figure 5-9: An example of numerical adaptation for solution of5.20)-(5.23).

and in particular it speci es large variations in element size which would give low-
quality triangles. After gradient limiting the mesh size functon is well-behaved and
a high-quality mesh can be generated (in the right plot of Fige 5-9).

Our next example is a compressible ow simulation over a bump at &h 0.95. We
solve the Euler equations using the NSC2KE solver [40], and use a gienadaptive
scheme based on second-derivatives of the density [48] to deter@mew size functions.
These resolve the shock accurately but the sizes increase sharplgafrom the shock.

With gradient limiting a high quality mesh is generated.

5.3 Meshing Images

Images are special cases of implicit geometry de nitions, sindke boundaries of
objects in the image are not available in an explicit form. Tlse object boundaries
can be detected by edge detection methods [28], but these tygily work on pixel
level and do not produce smooth boundaries. A more natural appach is to keep the
image-based representation, and form an implicit function wh a level set representing
the boundary.

Before doing this, we have to identify the objects that should é part of the
domain, in other words tosegmentthe image. Many methods have been developed

for this, and we use the standard tools available in image manifation programs. This
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Figure 5-10: Numerical adaptation for compressible ow over aump at Mach 0.95.
The second-derivative based error estimator resolves the shodcarately, but gradi-
ent limiting is required to generate a new mesh of high quality

will result in a new, binary image, which represents our domainWe also mention
that image segmentation based on the level set method, for exal®©Chan and Vese's
active contours without edges [14], might be a good alternaé, since they produce
distance functions directly from the segmentation.

Given a binary imageA with values 0 for pixels outside the domain and 1 for
those inside, we create the signed distance function for the doimdy the following

steps:

1. Smooth the image with a low-pass lIter, for example a simplevaraging lter.
This gives a band of a few pixels where the image is smooth, amdparticular

our implicit boundary A(x) = 0:5 is smooth.

2. For pixels close to the boundary, compute central di ererecapproximations of
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the derivatives and nd the approximate signed distances usintpe projections

in Section 3.2.

3. Use the fast marching method to obtain the distance function fahe entire

domain.

Our rst example is a picture of a few objects taken with a standal digital
camera, see Figure 5-11. We isolate the objects using the segragah feature of a
image manipulation program, and create a binary mask. Next weeaate the distance
function as described above, and a good mesh size function basedurvature, feature
size from the medial axis, and gradient limiting. For the skelehization we increase

ol t0 compensate for the slightly noisy distance function close to ¢hboundary.

Next we show how to mesh geographical areas in a satellite image.Figure 5-12,
we use the same techniques as above to generate a mesh of Lake r&upe

All techniques used for meshing the two dimensional images extedirectly to
higher dimensions. The image is then a three-dimensional array pixels, and the
binary mask selects a subvolume. Examples of this are the samplgensity values
produced by computed tomography (CT) scans in medical imagin

The meshes in Figure 5-13 are created from a CT scan of the iliacri®? The top
mesh is a uniform surface mesh, and the bottom mesh is a full tetradiral mesh with

graded element sizes.

llmage courtesy of MODIS Rapid Response Project at NASA/GSFC.
2The image datasets used in this experiment were from the Laboratory of Huma Anatomy and
Embryology, University of Brussels (ULB), Belgium.

111



Distance Function

Original Image

Size Function Triangular Mesh

%T

Figure 5-11: Meshing objects in an image. The segmentation isree with an image
manipulation program, the distance function is computed by soothing and approx-
imate projections, and the size function uses the curvature, ¢hfeature size, and

gradient limiting.
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Figure 5-12: Meshing a satellite image of Lake Superior.
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Surface Mesh

Volume Mesh

Figure 5-13: Meshing the iliac bone. The top plots show a unifor surface mesh,
and the bottom plots show a tetrahedral volume mesh, created tian automatically
computed mesh size function.
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Chapter 6

Conclusions and Future Work

We have presented techniques for mesh generation using implizinctions. Many
extensions are possible, but the main idea of iterative node newents and boundary
projections appears to be successful for generating high-gtyaineshes. The simplic-
ity is an important factor, and we believe that our short MATLAB code will help
users understand mesh generation and integrate it with their awcodes. The accu-
rate size functions we compute using the medial axis and the giant limiting are
essential for achieving highest possible mesh qualities. They wikely also improve
other mesh generators that rely on a-priori size functions.

We have demonstrated how many applications can bene t from oumesh genera-
tor. In particular, it is appropriate for problems that require frequent remeshing such
as moving boundary problems and numerical adaptation. It gpgears that implicit
geometries are becoming increasingly popular, for examptelével set methods, com-
puter graphics, and image processing. We hope that many of theggplcations will
nd advantages with our techniques.

During our work we have identi ed many possibilities for futue work, and we list

some of these ideas below.

Space-time meshes A space-time mesh is a mesh of the higher-dimensional space

consisting of both space and time, for example a tetrahedral meg&ir two space

dimensions and time. Using these, e cient numerical methods cabe created,
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in particular for moving boundary problems. It might be possil# to create these
higher dimensional elements directly during our iterative ade movements and

connectivity updates.

Sliver removal In all our examples of tetrahedral meshes we have used the Delay
triangulation, which produces poor elements called sliversWe then try to
eliminate these using the standard techniques of face swappinmgladge ipping.
If we instead use these connectivity updates in the mesh genenatd might

produce high quality elements directly.

No update of good elements Usually most of the elements are of high quality
already after a few iterations, and a signi cant speed-up mighbe possible by
excluding these from the updates. Appropriate data structuresan be used
to nd the poor elements and their neighboring nodes, for exaphe a priority
gueue. Note that this will be particularly useful for moving mehes, since then
only the elements close to the moving boundary are deformeda Section 5.1
we implemented this manually by adding sti ness away from the dundary, but
a quality based approach would automatically detect which eiments we need

to update.

Increased robustness Although our mesh generator usually produces high-quality
meshes, there is no guarantee that it will terminate. We have iplemented some
additional control logic to make it reliable when we createitousands of meshes,
such as in our moving mesh applications. We also use other termiiat criteria
based on element qualities. With some additional work in this aa the mesh

generator might become robust enough to be used as a black-box.

Quadrilateral and hexahedral meshes Perhaps our force equilibrium and con-
nectivity updates can be used to generate high-quality quaitlteral or hexahe-

dral meshes.

More gradient limiting Our gradient limiting equation might have application in

other areas, where smoothing is traditionally used but gradiétimiting is the

116



desired operation, for example in signal and image processinghelfast gradi-
ent limiting solvers can be extended to unstructured meshes, atigde methods
described in [35] and [18] should be applicable in a straightieard way. We
would also like to extend the gradient limiting equation to arsotropic mesh size
functions, and there might be a similar PDE (or a system of PDES) badeon
general metrics [10]. Finally, with the PDE based formulatio it is possible that
error estimators for numerical adaptive solvers can be appli®n the discretized

solution h(x) for adaptive generation of background meshes.

Moving meshes without background grid In our applications we use the level
set method on a Cartesian or octree background grid to evolvetémfaces. But
since we generate an unstructured mesh for the domair(x) 0, it might
be possible to solve the level set equation on this mesh using unstured
Hamilton-Jacobi solvers [3], and represent the distance funati on the previous
mesh when generating the new mesh. This would result in a hybrickgicit-
implicit approach, since the domain is represented explicitlat each step by
the unstructured mesh, but the implicit level set equation give robust interface

propagation, entropy solutions, and automatic handling of tpology changes.

No size function For other mesh generators such as the advancing front method it
is essential to have a good size function, since the elements ameated one at
a time starting from the boundaries. But in our iterative apprach, we could
in principle try to determine good mesh sizes during the iterains, for example
based on element qualities. This would eliminate the need fona-priori mesh

size function.

More applications We would like to study other shape optimization problems, for
example acoustic, aerodynamic, and photonics applicationin computational
uid dynamics there are several interesting extensions, for exgle free bound-
ary ows, and using space-time meshes instead of the Lagrangianpapach (as
described above). Other similar application areas are uid-sticture interaction

and contact problems, where the distance function provides adt way to detect
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interfaces in contact. Finally, mesh generation for images an important topic
with many applications, and a complete, user-friendly packagfor this would

be most welcome in the medical imaging community.
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